Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



.^.- ■:. 





,^ 




i 



./ 



-/ 



,*-^"*-, 



f,/7# 






* 



. ) 






_ , 1 




■I. 




► \ 



--^ 



0.A 

.r25 



,t 



F 



THE 



*, 



ELEMENTS 

OF A 



NEW ARITHMETICAL NOTATION, 



AND OF ▲ 



NEW ARITHMETIC OF INFINITES: 



in ^fDo 33oafts: 



IN WHICH THE SERIES DISCOVERED BT MODERN MATHEMATICIANS, FOR 

THE QUIdRATURE OF THE CIRCLE AND HYPERBOLA, ARE DEMONSTRATED 

TO BE AGGREGATELY INCOMMENSURABLE QUANTITIES : AND A 

CRITERION IS GIVEN, BY WHICH THE COMMENSURABILITY 

OR INCOMMENSURABILITY OF INFINITE SERIES 

MAY BE ACCURATELY ASCERTAINED. 



WITH 

AN APPENDIX, 



1^ 

CONCERNING SOME PROPERTIES OF PERFECT, AMICABLE, AND OTHER 



NUMBERS, NO LESS REMARKABLE THAN NOVEL. 

By THOMAS TAYLOR. 



'O $ioq avb^oavoii "KvytTfMW le* a^i&fAov hirai veaW 

Epichahhus* 



LONDON : 

PRINTED FOR HURST, ROBINSON, AND CO. CHEAPSIDE ; 
ATSTD A. CONSTABLE AND CO., EDINBURGH. » 

1823. 



. - - - 
* • - - 



f ' 



LONDON: 
PRINTED BY J. MOVES, GREVILLE STREET. 






• • 






PREFACE. 



I p no^'elty alone were sufficient to entitle a work 
to applause, of whatever description it may 
be, the following pages would not, perhaps, 
rank among those productions that merit only 
a small degree of praise ; but as novelty in 
mathematics, unaccompanied by truth, is per- 
fectly nugatory, and resembles *' a tale told 
by an idiot, signifying nothing," the author of 
this elementary treatise trusts that his theory 
will be found to be no less true than novel, and 
no less rigidly accurate in its demonstrations 
than important in its results. 

The new mode of notation adopted in this 
work, depends on numeral interval, or vacuity 
in connexion with number, and position with 
reference to unity. Thus, let there be given an 
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infinite series of units, l + l + l + l-l-l + l, &c.^ 
and under this another series, with an interval 
between each of the units as follows, . 1 + . 1 + 
.l+.lH-.l, &c.; then it is evident that the 
latter series will be one half of the former, i. e. 
it will be equal to i + i + ^ + i, &c. Hence . 1 
will be equivalent to ^^ As likewise . . 1 + • . 1 
-f..l + ..l-H..l, &c., is one third of the 
series 14-1 + 1 4-1 + 1 4- 1, &c., it follows that 
. . 1 is equivalent to ^. And in a similar manner 
... 1 will be equivalent to ^> .... 1 to ^, and 
so on ad irifinitum. Hence, as . 1 4- .• 1 .4- ... 1 
4- .... 1, &c. is equivalent to ^4- §4- ^4-^, &c., 
if this series is considered with reference to unity 
at the beginning of it, viz. if, conformably to deci- 
mal notation, we place before the first term 
of the series, as indicative of the place of unity, 
then the series will be 4- . 1 4- .. 1 4- ... 1 
4- .... 1, &c., and will, by referring the several 
terms to unity, be equivalent to the series i 4- i 4- 
T^ + T^ "i- -rf, ^c. For the first unit is in the third 
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place from unity, the second is in the sixth, the 
third in the tenth place ; and so of the rest *. 

Two of the results of this mode of notation, 
and which I conceive to be the most important, 
are these : that the series discovered by modern 
mathematicians, for the quadrature of the circle 
and hyperbola, are shown by it to be aggregately 
incommensurable quantities ; and that it affords a 
criterion by which the commensurability or in- 



*Asl.+l. + 1.-1-1., &c. is also one half, 1 . . 4- 1 . . 
-f 1 . . + 1 . ., &c. is one third, l...-fJ...H-l...-f, 
1 . . ., &c. is one fourth of the series l + I + l + l+l, «&c., 
I might have used this notation instead of the above ; and in 
this case the series l.-fl.. -|-1... +1...., &c. would be 
equivalent to the series 1 + .l-f ..1 4-...I -j- . ...1, 
&c«, by considering the second unit as in the third place from 
the first unit, and as therefore indicating -} ; the third unit as in 
the sixth place from the first unit, and designating ^; and 
so of the rest of the terms. I have, however, adopted the 
former notation as more analogous to that of decimals. 
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commensurability of infinite seriies may be infal- 
libly and universally ascertained. 

In what is said in the Second Book respect- 
ing the difference between the distributed and 
undistributed value of infinite series, it must 
be observed, as I have there remarjced, that 
though the propositions, in Dr. Wallis s Arith- 
metic of Infinites, are not true of the series 
which he adduces, according to the former, 
yet they are according to the latter value, 
i. e. according to an aggregation of the terms 
into one sum. What I have said, therefore, 
does not at all invalidate his reasoning by in- 
duction, or subvert the conclusions which that 
reasoning produces. 

As the present work professes to be nothing 
more than an outline of a New Arithmetical 
Notation, other conclusions will, I trust, be found 
to result from it, no less remarkable and im- 
portant than those contained in the following 
pages. But the accomplishment of this I shall 
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l6ave to those who may think my discovery 

worthy of their attention, and who are professedly 

mathematicians. For, as the promulgation of the 

philosophy of Plato and Aristotle has been, for 

the far greater part of my life, and is still, the 

mark at which all my efforts ultimately aim, I 
can only say on this subject, that it is sufficient 

for me to have opened the fountains, and to leave 

the ramifications of them to others. 



ERRATUM. 

The reader is requested to corfect the series in p. 15, line 4 from the bottooiy 
asfoUows: 1 +f +i^+if% + /'5«z7+ ^>&C. 
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1. If the ini^nite series 1 + 1 + 1 + 1 + 1 + 1, &c. 
is divided by 1 + 1, by 1 + 1+1, by 1 + 1 + 1 + 1. 
and so on, ad infinitum, the quotients 1 ., 1 , .^ 
1 . . ., &c. will be equal to ^, ^ J, &c. 

For l±i+l±l±l^--=: 1 . + 1 . + 1 . + 1 ., &c.- 

^^^ 1+1 - r+1 + i+i + 1+1 + 

Yv^, &c. ad infin. And therefore 1 . is equal to 

1 
1+1' 

Thusalso ^-^^TlTil' '"'''"" = 1 . . + 1.. + 

1 +1 + 1 

1.. + 1..&C. And i±l±l±i+i±ii^ = 

1 + 1 + I 

B 



' 
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f+T+i + T+TTi ■•■ f+T+l' *^- ^®°^® ^ • • "•* 

equal to fTTZl' ^^^ ®^ ^^ ''^^ ^^^** 

2, Not only, however, points placed after unity 
cause unity to be of a fractional value, but this is 
also true of points placed before unity. 

For as l. + l. + l. + l., &c» is eq^al to an 
infinite series of ^, so like wise is . 1 4- • 1 +• 1 +• 1 +• 1 y 
&c. ; because the latter, as well as the former 
series, is evidently one-half of the series 1 + 1 + 
1 + 1 + 1 + 1, &c. ; and consequently . 1 is equal 
to^. 

The only difference between !•+!. +!•+!., &c. 
and . 1 + . 1 + . 1 + • 1 + • 1, &c. is this, that the 
jG^rmer series terminates in a point, and the latter 
begins vnth it. Hence the latter is nothing more 
than the former series inverted. 

3. Hence the infinite series 1+.1+..1+.-.1 + 
.... 1, &c. i. e. 1+^+^+1+^+', &c. wiD, by 
a summation of the terms, become 1 + 1+1+1 + 

1 + 1+1, &c. viz.: — 

1 

+1 

. .+1 
. . .+1 

. . . . + I,&C. 

= 1+1 + 1 + 1 + 1 + 1, *c. 
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And thus the infinite series 1 + 1 + 1+1 + 1+1, 
&c; will, either indicate an infinite series of units, 
or the infinite fractional series 1+^+^+4+^+ 
^, &c. ; just as the infinite series 1 1 1 1 1 1 1 1 1 1, 
ftc. either designates whole iiumbers,. or the deci- 
mal of ^. Thus, too, the infinite series • 1 + 

...1+ 1 + ... l,&c. =i + i + i + *, 

&c. will, by a summation of the terms, become 
the series , + 1 .+1 .+1 .+1, &c. viz. : — 

.+1 

• • • "^ » 

... .. .+1 

+1 

zm .+1 . + 1 . + 1 . + l,&c. 

And the infinite series 1 + ..1+..,,1 + 1, 

&c. =l+4^ + f + i + ^, &c, will become, by sum- 
mation, the series 1 . + 1 . + 1 . + 1, &c, viz. : — 

1 

. . + 1 

. . . .+1 

..... .-fl^&c. 

=; 1 .-fl . + 1 . + 1, &c. 

Hence the series . + 1. + 1. + 1. + 1, &c. ; or, 
which is the same thing, the series . 1 + . 1 + . 1 + 
•1 +, &c, will, according <o a fractional value, be 
equal to ^ +i +^ +^ +-jV* &c. For the first term 
. 1, is evidently i; the second term . 1, is, from 
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position with reference to unity, i ; fwr it is by 
position equivalent to ... 1 . Thus, too, the 
third term will be equal to -^^ the fourth to ^, and 
so on. In like manner the series 1 . -f 1 . 4^ 1 . + 1 
. + 1, &c.; or 1 + . 1 -f . 1 4- . 1 -f . 1, &c. which is 
equivalent to it, will, by considering the position 
of the tenlis with reference to unity,, be equal 
to l+i+i + i>i, &c. Again, 1 . . + 1 . .-fl . . 
+ 1 . .4-1,: &c. ; or, which is equivalent, 1 4- . . 
14-. .14-.. 14-. .1, &c. will be equal to the 
infinite series 1 4-i4-4^4--5V + -iV> &c* ^^^ 1 4- . . • 

l4-. . . l4-. . . 1 4-.. . 1, &C. will be l4-^4-i4-3V 
4- ^, &c. Hence an infinite series of units, with 

« 

one interval between each, will be either the 
series l4-i4-f 4--f, &c. or the series ^ 4- i 4- i 4- i, 
&c. A series with two intervals between each 
unit, will either be the series l4-i4-^4-^4-^, 
&c. or the series ^ 4- i 4- ^ 4- ^, &c. if the first 
term of the latter series is . . 1, i. e. -|^, instead of 
1 ; so as to be the series ..1 + ..14-..14-..1, 
&c. A series with three intervals, will either be 
the series 1+0.4.^.+^ + ^, &(•. or the series 

i-^i+^+iV + sVr &C' And so in other in- 
stances, ad infinitum. 
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4. The expressions from which these series 

are evolved are the following: ^"^' ^ ; which, 

when evolved, isl + .l + .l-f.l + .l, &c.=l +^ 
^f + ^ + ^-f^L, &c., the numerator of the ex- 
pression being equivalent to 1 — J-, or ^. Another 

expression is ^^| - ; which, when evolved, is the 

series .1 + .1 + . 1 + .1 + - 1, &c. =i- + i+i + i + 
•jVi Sec. And hence, since the numerator . 1 is 
equal to 1 — . 1, i. e. is equal to i; what modern 
mathematicians have demonstrated of these two 
series, viz. that they are equal to each other, 

1 — 2 

is immediately evident. Again, — yzTi — ^^* when 
expanded, the series l + ..l + ..l-f..l + ..l, 

&c. =:l+4 + i-+-iV + iV> &c. And y^y- is .. 1 

+ .. 1 + .. 1 + .. 1 + ;.. l,&c. =i+i+i+iV+-iV 

+ -i_., &c. And the former series is equal to the 
latter; for 1 — . .2, i. e. 1— f z: J=: . . 1. Thus, 

1 — 3 

too, — ' '^' is, when expanded, 1 + ... 1 -f ... 1 
+ . . . 1 + . . . 1 + .. . 1, &c. z=l+i + -J- + 3V + iV 

+^, &c. And -j-jf-|^ will be, when evolved, 

• « 

. . . 1 + . . . 1 -H . . . 1 4- . .-. 1 + . • . 1, &c. n: ^ + ^ 
+ -^4-^^+^, &c. ; the latter being equail to the 
former series. For 1 — . . . 3, i. e. 1— fzr^zr. . . L 
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Thus also Tl^{ is, when evolved, 1 + .... 1 

•^ 1 + 1 + 1, &c. =l+i+-^+iV + 

"5^ + -/y, &c* And ' j '^ , is . . . . 1 + . . • • 1 + 

....l4-..\.l, &C. =X+^ + _U + ^ + ^, &C. 

And the latter is equal to the former series ; 
because 1 — . . . . 4=1— f =^1= .... 1. In like 
manner it may be shown by this method, that in 
all series, which are parts of the infinite series 
l-Hi+i + 44-i+i, &c. the value of which is 
infinite, any two of such series, whose denomi- 
nators are in an arithmetical progression, and of 
which those in one series differ from those in the 
other by an equal difference, are equal to each 
other; a property which has not before been 
demonstrated of this series. 

5. It may also be shown, independently of this 
method, and in a way which at the same time 
confirms it, that such series are equal to eadi 
other. For all such series being parts of the 
series l+i + i + i + j^ + i, &c., and the value of 
this series being infinite, the value of those series 
will likewise be. infinite. That the series, there- 
fore l+i + i + i + i> &c., is equal to. the series 
i + i-*-i + i->-iV> &Cv ^tt infinitesimal excepted. 
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may be d^nonstrated by subtracting the latter 
from the former series, as below : -^ 

Which remainder is the half of the series 1 + ^^ + 
-!^ 4- jg. + -JL. + ^, &c. ; and this series is a part of 
the series 1 +i + i+iV+iV + ^+^+-8V + tV + 
^ + -^^ &c. But the series 1 + i + i + -jV* &c., is, 
as is well known, equal to 2 ; and, conseiquently, 

the series i + iS* + W + dV> &<^- ^^ l^ss than 1 ; and 
is therefore but an infinitely small part of a series 
whose value is infinite. 

Thus, too, if from the series 1+1 + -^+^ + 
^ + ^, &c. the series •|.+i + -i.+^+^ + -iV,&c. 
is subtracted, the remainder will be as below : — 



1— ^— A— ^— Tk~Tb» &c- 
But the double of the terms ^, ^, -gV, tH* rin 
&c. will be the terms i, ^, ^, ^, -j^, Sec. 
which form a part of the series 1+^+^+^ + 
_3^ +»!«., &c., and will. therefore be less than J. 

Again, if from the series l+^+^-f-jV^-iV+iV* 
&:c.' the series i+i+iV + iV+iVi &c. is sub- 
tracted, the remainder will be 1— ^^""^"TfT 
1^5— ^ir* &c- ; and the double of these frac- 
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tional terms will be the terms ^, t^, n^, ^in 
-^y Sec, which also form a part of the series 1 + 

++i+'iV+*i'r+*2S-* *c- 2md will be less than^, 
by a deficiency greater than that of the preceding 
remainder. Thus, too, if from the series 1 -h i -h 
iV+i^ + iV+iV* *c- the series i + -i5.4-^+-gV 
+-3V> &C' ^^ subtracted, the remainder will be 

l—^-rir-^iro-Thr-rhf* &c- i and the 
double of these fractional terms will be the 

terms ^, ^, rhr» titt* tIt* &<^-> which form 
apart of the series l+i+i+iV^^iV+iV* ^^-^ 
and will be in a still greater degree less than 
I than the preceding remainder. And the like 
will be found to take place in all the other parts 
of the series l-hi+i + ^ + f+i, &c. adinfimtum. 
By this method of notation, therefore, it may 
be easily shown, that in the series l+i + i + i + 
^•¥\y &c., any series whose denominators differ 
from each other by 2, 3, 4, 5, 6, &c- are the ^, §, 
^, f , \, &c. parts of that series. And it may also 
be proved, independently of this method, by 
subtracting one series from the other, in the 
same way as above. Thus it may be easily 
demonstrated, that the series T+i + i + iV + iV + 
^, &c., the series 1 -f|+i4--iV + iV+iV> &<^ 



ARITHMETICAL NOTATION. 9 

tod the series ^4-^4-i+VT+i:*r + ^» &c-> ^^® 
equal to each other; and that each is -J- of the 
series l+i+i+i+f+i, &c,, because an infi- 
nitely small quantity only will remain in sub- 
tracting them from each other. Thus, too, it 
will be found that the series 1+f +i+iV+iV+ 
^, &c., the series ^+-J.+iV+T4 +^+-5V> &c-', 
the series i.+j.+-i-.+^+^+-u., &c., and the 
series i+i+^+^+^+sVi &c., are equal to 
each other, an infinitesimal excepted ; and also 
that each is equal to J^ of the series l4-i+T+|+ 
t+h &c* -^^d s^ in all other instances. 

6. Points placed before the affirtnative or nega- 
tive signs in the denominators of expressions, 
which, when evolved, produce infinite series, the 
value of which is infinite, do not cause the terms 
of such denominators to have a fmctioi^al Valtie, 
but cause them to be the double, triple, qua- 
druple, and, in short, to be multiples of what 

they were before. Thus 1 . — 1 is the double of 

* 1 —1 * 
1 — 1 : for ^'_^ =1 + 1, 1 . . — 1 is the triple of 

1 — 1, 1 ... — 1 is the quadruple of 1 — 1, and 
so on. Thus, too, 1.— 2. + 1 is quadruple of 
l*-2+l : for it is produced by the multiplication 

c 



'10 Elements of a nbvt 

^ 1 .— *1 into itself, and when divided by 1—2 
+ 1, gives for the quotient 1+2+1. And 1 * •-* 
3i i+1 is nine times 1—2+1. But when the 
aumerators of such expressions consist of more 
terms than one, tiien points placed before the 
Hffirmative dr negative signs of them do not alter 
their value, an infinitesimal excepted, as will be 
shortly evident. 

7. What has been above inferred of the infinite 
series, which are parts of the series l+i+\+i 
. +f +i, &c., may also be inferred of the infinite 
series, which are parts of the infinite series ^+ 

i+l+f+i+*+f+i. &c. For the series f+ 
-f +4. +f , &c., minus the series i+|+i+i, &c., 
leaves, as the remainder, the series ^+^+^+ 
-1^, Sec. J and this, multiplied by 2, is equal to 
i+iV+iS-+-^, &c., a part of the series l+i+ 
^+;^+3V+-^, &c., and, consequently, the above 
two series sure equal to each other, an infinitesimal 
excepted. Thus, too, 4+-f +|.+fj.+^, .&c., 
minus ^+^+i+ifi.+x|, &c., leaves i+^+^ 
+.j+j^+-5+5-, &c. ; and this, multiplied by 2, pro- 
duces the series i+iV+ A+-8V+Tfr> &c- 5 ^uid 

>« . rid A" 

therefore these two series are equal to each other, 
an infinitely small part excepted. Hence, in the 
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sieries |^+|-+a+ 4.^ Soc., in the same manner ^ 

< 

in the series l+^+i+i+f. Sec, any infinite 
series of terms, whose denominators differ from 
each other by 2, 3, 4, 6, &c., are the half, third, 
fourth, &c. parts of that series. But the series 
i+i+i+i, &c., is produced by the expansion 
of the expression ^"^^^ ^ rz O + 1 . + 3 . + & -. 

+ 7, &c. And the series i + f^ + ^ +h *^- i* 
produced by the expansion of the expression 

u1l2^i =0+0+2 .+4:+6 .+8 ., &c. Hence 

the expression ^ _2 -fi ^^ ^q^al to the expres- 

sion ^ 1.2 4-1 * ^^ *^® series jt+i^+^+h ^-^ 
is produced by the expansion of the expres* 

sion -j~J^ =0+1+2+3+4+6+6, &c., which 

is double of the expression ^ —2+1 » ^^^ ^ 

I _2 .f 1 * ^^^ *^® numerator 0+1 is the half 
of each of the numerators 0+1 . + 1 and 0+0+2, 
and the denominator 1—2+1 is f of the denomi- 
nator 1 . — 2 . + 1 . The expression also, from which 
the series |.+^+|.+xi.+xi., &c. is expanded, 

is ?^^^J!"2.\'^i = +0+2 . .+5 . . + 8 . . + 11 . . 
+ 14 . ., &c. And the expression which, wl^en 
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expanded, produces the series x.+±+jl^xa+ 
4-i, &c. is J — ^^' ^ ; both which expressions 
are equal to each other. But each of the expres- 

+ 0+2. .4-1 + 1. .+2 . ^, . , -,, 

sions ^ _2 — Zi> 1 — 32 — +T ' ^^ ^°® thivd of the 
expression |_^ ^ . For the numerators 0+0 

+2 . .+1, 0+1 • .+2, are each of them triple 
of the numerator 0+1; and the denominator 
1 . .—2 . . + 1 is nine times the denominator. 1—2 
+ 1 : for the former, divided by the latter, gives 
1+2+3+2+1. And each of the expressions 

+ 1. + 1 0+0+2 .^ u ir r ^u 

I.— 2 +1 ' 1 — 2.+1 » ^^ ^^® "^^^ ^^ *"® expres* 

■ 

' + 1 

sion -TZgTT"' ^^^ ^^^^ ^^ *^^ numerators 0+ 1 . 
+ 1, 0+0+2, is double of the numerator 0+1, 
and the denominator 1 .—2 . + 1 is quadruple the 
denominator 1—2+1. Hence the two former 
of these equal series are each of them equal to 
one half of the series i+f +i+:^, &c., and the 
two latter are each of them equal to one third of 
that series. Both the numerators also, and deno- 
minators of the two former equal series, differ 
from each other by 2, arid those of the latter 
by 3. 

8. According to this method of notation y—-^* 
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when expanded, will be 1 + . 1 + . ^ 1 + . . . 1 + 

1, &c. = l+^+i + -iV + :fr + 2V> &c- But 

1 ' . . 1 

the expression tztt ^^ equivalent to-y^i =2; 

and, consequently, the series l+i+i- + -iV> &c* 
is equal to 2; which modern mathematicians 
have demonstrated to be true of this series. And 
from this mode of notation also it follows, that 
the multiplication, in producing the terms of an 
infinite; series which is a quotient, is analogous to 
the multiplication of letters in algebra. Thus, 
in the division of 1 by I—, 1, which produces the 
above quotient, the process is as below : — 



1— . 


.1) 


1 
1— . 


(1+.1+. 


• 1+- 


• X~^. • • t 


1, 


&c» 


• 






1 
1— 


.1 

.1 

.I-.. 

-f.. 


.1 

.1 
.1-. . 


..1 






• 










+.. 


. . I, &C. 







Here it is evident that the second term +.1 of 
the quotient, multiplied by — . 1 of the divisor, 
produces . — .:.l, viz. -hiX— i produces — i, 
just as +laX — la produces — loa. The third 
term of the quotient, viz. -hi.lx — .1 of .the 
divisor produces — ... 1, just as + loaX — la 



J 



^Todvices—laaa, Aad so in all other instances. 

But then, from the position of the terms of 

» ,« ..." .«> 

the quotient with reference to unity, . 1 or ^ 

becomes . . 1, or ^, . . 1 becomes 1 or ^, 

and so of the rest. The following instances, like- 
wise, are confirmsjjtions of the truth of this method 
of notation : — 

i— .1) l-f.l+..l (l+.2+..3+...3+..,.3+ 3,&c. 

4-.2+..1 
-f.2— ..2 



+•.3 
•"^ +. . .3, &c. 

i.e. 1 + ^ + ^, divided by 1—^, produces the 
quotient 1-ff ^-i+tV^.^, &c. For the terms 
of the dividend are 1+-J- + -J-, and not 1+4.4.^, 
because the number of them is finite; but in 
the quotient, the number of terms being infi- 
nite, the value of the terms consists in their 
position with reference to unity. This being 
premised, the sum of the terms of the divi- 
dend is V > ^^^ ^hi^> divided by 4-, gives V • 
Again, the sum of the terms I'ff + ^ of the 
quotient is y ; and this added to the remainder 
i, divided by i, wthichis the divisor, t. e. added 
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1— . 1) 1+. 1+..1+.4.1 (l-f.2 + ..3Hr...4-f.^.,4, &c. 
1-. 1 

•f.2-H..l 

-f.2— ..2 



•f*. • 3 + » • • 1 
-|-. • 3"—. • f o 



+...4t &c. 

I. e. 1 +i-|.x + ^, divided by 1— i, produces 1 + 

And 1 +1- +.|. + -^ ; but this added to the remain- 

. • ■ ■ , - • 

der ^, divided by f , L e. added to 2, will be V +-f 
= ^ = 4|.; Thus, too, ^+-^+-'^+'-^+--^ 

_ ^^i^j + t-^^ ~ ^. And the quotient 
1 + ,2 + . . 3 -f . . .4 + •• ..S + • . •. »5,. &e; 

And this will be the case universally, when 
the dividend is any other number of the terms 
of the series 1+i + i + i + f +i, &c. adif^nUum^ 

Again, ■^•^- - ^tl'.t'""'^ = ^+ty^ is, when 
expanded, the series 1 + . f + . . -^ + . . . |^ + — . 

n+ ii,8cc. = i +^ + ^ + -j5^ + ^ + 

so Sec — ---- And ^"^f^^^"^ = -ixfl.— s^i. 

Thus, too, ^^rir^ = ^"^ity 5 a^d this ex- 
panded will be 1 + .^ + ..^ + ...^ + . ...|,&c.=: 
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=^, divided by i=:f. 
In a similar manner it will be found, that 

2-.1+..1 1+-..1 .,0^ 14. ^4....1. &c. 

-J-2-. Likewise that ^=^=2 + . 2 + .. 1 + ... 1 

+ ....l.&c. = ^. Andthati^=l+.l 

+ ..l + ...i + ....i + i,&c-=i- Also 

that ^~ii7i'^ = l + .i + --i + •••!+ ^' 

&c. =i. And that i=^ippi-=l.+ .i + ..i 

+ ...i + ....i.&c- = -H. Again. ^7-^.7 " • 
_l4..i + ..^ + ...i + ... -i, &c. =:fi. And, 

, ^ i • — 1 4- . i- -r • • t — • • • 13 • • • • TWf 

&c. =H. Likewise, ^"•^T-a"'"^ = 1 + . i 

+ ..^+...i= + ....i=U- And, — rrn— 
= 1 + . i + . . ^ + • • • -V'* &c. = V-- Also, 

l±il±i:J=:l + .3+..6 + . . .6,&c. =6. And, 
l + .2|..3+...4 _ 1^ 3 ^ . .6 + ...10 + 

.... 10, &c.=8. Farther still, -lt|±^ = 1 +.4 
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+ . . 10 + . . . 10 + . . . . 10, &Ci =9. And, 

I +.3+6+... 10 _. J ^ , 4 + _ 10 + , . . 20 +. 

l-— ♦ 1 

• f 

. .. .20, &c. =14. 

9, lu most cases it will be more convement 
to substitute numbers for the points in this nota- 
tion ; viz, instead of 1 + . 1 + . . 1 + . . • 1 + • • • • 1 

+ . . . . .1 + 1, &c. to substitute 1 + 4 +*1 + 

^1 +*1 +*1 +^1, &c. And so in other instances. 

11. Since, by the seventh proposition of the 
tenth book of Euclid, incommensurable quan- 
tities have not that proportion to each other 
which number has to number ; and since, in all 
division of commensurable quantities, the terms 
of the quotient, however numerous they may be^ 
are, when added to each other, and multiplied by 
the divisor, equal to the dividend (an infinitesimal 
excepted, when the terms of the quotient form an 
infinite series) : hence alt such infinite sisries as 
are produced by the expansion of expressions, 
to which the aggregates of the terms severaUj^ 
idded to each other are not equal, are incom- 
mensurable quantities. And that there ai^ sUcb 
infinite Series is evidrat, in our method of nota-^ 
tion, firom the following instances : -- 
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This series, as modem mathematicians have de- 
monstrated, is one sixth part of the square of the 
circumference of a circle whose diameter is unity ; 
and the aggregate of it is evidently greater than 

the value of the expression -^ r, or • — r- nf . 

For, if this was the true value of its aggregate, the 
circumference itself would be only equal to 3. For, 
6Xf=:y =9,= the square of the circumference, 
and the square root of 9 is 3, the circumference 
itself. Hence the series l+i+-i^ + ^+j^, &c. 
is incommensurable, and therefore six times this 
series, or the square of the circumference, is 
incommensurable ; and, consequently, the circum- 
ference itself is incommensurable. 

Thus, too, -j^ij expanded, . will be the series 



1 +»i 4.61 +91+1*1, &c. ; i. e. l+x+_j. + ^+__, 

&c. ; being the reciprocal of the pentagonal series 
1 + 6 + 12 + 22 + 35, &c. ; and will be incom- 
mensurable. For the aggregate of the serief(:will 

exceed -j— n or j^ ; i. e. \. . This likewise will 

be: the case. with. all the/reciprocals of the. other 

polygonous series, i. e. with j-^ > ^^ ^ +*1 +'^ 
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.^ recipitx^ of the beKagonal senes of w^ol^ 

' nnndbers. And also with j^^yj, or 1 ^-'^l + **1 + 

^1 +*1, &c., which is the reciprocal of the hepta- 
gonal series 1+7 + 18 + 34 + 56, &c. And so 
in all the rest of these series. Hence it follows, 
that Ae aggregates of all the polygonous reci- 
procal series, except the triangular, are incom- 
mensurable quantities. 

This will likewise be the case with the seriies 

l+|^+i + f3+iV+«T» &c-> ^^^ ^1 ^^^^ such 
like series, which are parts of the infinite series 

l+i+i+i + f+i, &c. For they will be the 

incommensurable half, third, fourth, &c. parts 

i 

of that series. This will be at €«iee evident, 
by considering that the series i+i+i + ^+^, 

&C. ^+^ + ^ + ^5.+^, &c., X + ^4.^ + ^+^,, 

&c«, are the commensurable half, third;, fourth, 
&c. psurts of the said series ; because the ag^e- 
, gate qf any number of the tenivs of these Sfeoqes 
voll be the ^, i, i, &c. parts of the like nuq^tb^r of 
terms of the series l+x^^+^, &c., which will 
not be the case with the parts of the other series. 
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And from what we have shown, (in paiag. S), 
it is evident that the series 1 + ^ + ^ +^, 8cc. 
l-fi+^+-jV> &c. l+i+i+^, &c., differ firom 
the series i+i+i, &c. •§• + -I- + ^, &c. i+i+-^. 
Sec. by fractional ^arts of unity. The expres- 
sions, however, from which both these series are 
expanded, are equal: and h^ice the former are 

incomii&nsurable. 

■ ••■.•., 

12. According to our notation, . 1, . . 1, . . . 1, kc, 
signify, in multiplication, ^, -J^, \, &c. in infinite, but 
not in finite series. Hence the true value of the 

expression iTTTJ+TTt* when expanded^ will be 1 + 
i-^i+i-^-^y^^y and notl +-!■-♦•* +^4^^,&c„ 
because this expression is the product of y^^ . - x 

J3-J- , and this product being finite, is equivalent 

to i^j^i^l * ^^^ s^ i^ other instance^. 

13.. The reciprocal of the hexagonal series is 
produced, as we have already observed, by the 
expansion of the expression yzq = ^= ^"♦"i+iV 
+-^, &c., and, consequently, the series |^+^, 
+ 2V + 1V* &c. is equal to i: for the aggregate 
of both these series is equal to2 = l+-j- + -j-+-Jg. 
+ iV + yr' ^c. But the series l+^+_ij. + ^. 
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Sec, as we have observed (in parag. 11)» is incom- 
mensurable ; and therefore the half of it, or the 
series ^4--i5.H-J~-i-~iy, &c., discovered by Lord 
Brouncker for the quadrature of the hyperbola, is 
also incommensurable. 

14. (In parag. 11) we have shown, that in cpn- 
seqiience of the series l-fi+^ + ^ + gV* &c. 
being inconimensurable, the circumference of the 
circle/ is also incommensurable with its diameter. 
But thsA it is so, is likewise evident from the 
infinite series discovered by Leibnitz, the aggre- 
gate of which is equal to the area of a circle 
whose diameter is 1. For this series is an ex- 
pansion of the expression v '\ » i> €. ib i ... f h- . i 

— .i+.I—.i' *^' B^t *^^ expression yzi-* or 

^•~' =z -i ; and four times this will give the cir* 

cumference, which will therefore only be V=3» 
and, consequently, the aggregate of this series 
is greater than the expression, by the expansioti 
of which it is produced, and is. tberefidre incom* 
mensurable. At the same time, however, we 
may see that what modem mathematicians have 
asserted respecting the series 1 + i> ^ + tV> &^> 
viz, that it is ^ of the square of the circumference^ 
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follows from the expressions by which that series, 
and the series 1— i+f"~i+i— iV» &c., are pro- 
duced according to our method of notation. 

15. Since the expression ,_ ^ , is most evi- 
dently equivalent when expanded to the series 1 + 
i + i + iV+tT> ^^'> i* follows that the expression 

^ , must, when expanded, be 1 — ^ -f i^ ^ + Vr 

1 
— ^, &c. ; just as because-^— j is, when expanded, 

i + i + i + i^g^, &c. it necessarily follows that ^— j* 
is, when expanded, i-i+i--i-.-h-L.-.^, &c. 

But, as 1 + . 1 is YTT =i> i* is evident that the 

series 1— i- + i— iV* &C'> ^ o^® <>f those series 
of which the value of the expression from which 
it is produced is less than the aggregate value 
of the terms severally taken, and, consequently, 
that it* is conformably to what we have before 
observed, an incommensurable series. For the 
value of the first term of this series, minus the 
second, is at once equal to -|. 

16. From our method of notation, every term 
in an infinite series has a twofold value, when 
the points by which the terms are designated 
are in an arithmetical progression ; and ' one^ of 
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these values arises from multiplication, but thd 
other from position ; the aggregate of each series 

being sometimes equal, and sometimes not. 

1 ' ' 

Thus, for instance, -rj — p, is, when expanded^ 

l+.l+H+n+*l, &c. Here, as the divisor 
is equivalent to 1— i-, the value of the quotient, 
as produced by the division of 1 by 1— i, will 

be 1 -fi + i+i + -r«> &^ ^^^^ ^^ t^^s case, the 
third term, or ^1, will be ^, because produced by 
the multiplication of .1, or i, into itself; since 
. 1 X • 1 will then be equal to . . 1 or ^. Thus, too,- 
the fourth term, or '1, is equivalent to ^. For the 
second term *1, multiplied by . 1, produces *I, 
i. e. ^. And so of the rest. From position, how- 
ever, the second term .1 is -§•, the third term *1 
is ^ the fourth tepii *1 is ^, the fifth term *1 is 
^i-, and so of the rest. And the aggregate of 
l+i+i+i + iV> &c., is equal to the aggregate 
of l+i + i+iV + iV» &c. But if-^zn =i is 

expanded, the series wilLbe 1 +4 +*1 +^1 +®1, 

• » 

&c. And the value of the terms arising from 
multiplication will be l+i + i+-^+ -^, &c. ; 
but from position l+i + i+iV + Vr* ^^*y which 
may be demonstrated in the same manner as 



24 ELEMENTS OF A NEW 

ixk the preceding itis.taQce. Though both thb 
seiies> however, are expansions of the expression 

j^-q- f yet the former is a commiensurable^ but the 

letter an incommetisurable series. And the like 
will take place in all the other reciprocals of 
polygonous series. 

17. That when . 1, . . 1, . . . 1, &c. L e. 4, *1, 
H, 8cc. are the numerators of fractions, in our 
method of notation, the place of unity in the 
quotient is not in the first point, but immediately 

<- « 

before it, may be thus demonstrated. Let the 

expression be yztt — T^ *^^®' when expanded, 
will be . l+n+n+n, &c. But instead of . 1 
let. its equal ^ be the numerator, and then the 
series will bei+.i+'i+'i+li, &c. zzi+i+^ 
+ £V+iV» &?•> which is the true value, and is 
equal to L Hence • 1 4-^1 +'1 +*1, &c. wilL be^ i 
+i+^+-iV* &c*^ equal to the aggregate of the 
former series; i.e. equal to 1. The place of 
unity, therefore, is not in, the first point of the 
series . 1 + n + H + *1, &c., ; but immediately 

befi>re it : for, if it. were, this series would become 

■* • ' * . . • - - • -• 

i+i+i+-iTrr&c., the value of which is evidently 
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greater than 1, and is therefore greater thstn its 
true value. 

This notation is analogous to that of decimals. 
Por thus in decimals^ 6 . 4, or 5, 4» is equivalent 
to 5 and -^ of 1^ the place of unity not being in 
the point, hut iin mediately preceding it. 

18. In geometrical series, such as i'+l+i^* 
^, &c., ^^.^+^+^, &c., ^+-iy^.^+-^, 
Sec., the method of proc'beding, according to our 
notation, is as follows: — 

1-1 



+1 

+. 1 
+.i-n 

+•1 

+*i-n 

* « - • 

Here, in the first place, 1 divided by j2 is ^, 
which m the quotient is 0+1 r s^nd the quotient ^ 
multiplied by the divisor 2—1 will be 1— i, ot 
1-^. 1. But this, with reference to the pdsition 
of the terms of the quotient, will be 1 — 1 . Then 
1 — 1, subtracted from 1, will leave. +1 ; and thil^ 
divided by 2, will be |^ or . 1 ; . which placed in 

E 
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the quotient, will become from position i, w 
is evident from inspection* Again, this . 1 multi- 
plied by the divisor 2—1, will produce 1 — : L 
But this subtracted^ from 1 will leave + • 1, 
which, divided by 2/ will give U or 4. And this, 
from position in , the quotient, . will become ^. 
And so of the rest of, the terms. : 

This method ;of, proceeding may be illustrated 
by the mode of divisioA in/ decimal arithmetic, 
to which it is analogous;. Thus, for instance, 
in producing the decimal of ^, the process is 
as follows : •— 



9) 1000000, &c. (,inii, &c. 

,9 

.10 
.9 



.10 
.9 



. 10, &c. 

Here the first term:of the. quotient is ,1 or 01, 
which frpm ^po^iljon. with reference to unity is 
•i^, and this ^multiplied by , the divisor 9 beCQues 
^;' but the^first subtracter 9, though it is in 
reality from .position iV»Js subtracted from the 
dividend as 9: just asjn the above instalice. the 
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i— 1 of the first ; subtracter -is in reality, from 
position, r-h ^^^ ^^ subtracted as minus unity. 
And it is obvious that the rest of the division 
«in,the former, v^ill be analogous to that in the 
latter instance. 

Thus, too, in the triple geometrical series •|-+-i- 

"♦"■sV+^-Hrir* *^-> t^^ process will be as fol- 
lows : — 

l-.l 



In this instance, in the first- place I divided by 3 
is 1^, which in the quotient is 0+* 1 ; and this 
quotient multiplied by the divisor 3—1, will be 
1— |. or 1 — . .1. But this, with reference to 
the position of the terms of the quotient, will 
be 1 — • 1. Then 1 — . 1 subtracted from 1 will 
leave +.1, and this divided by 3 will be -J- or 
^1, which placed in the quotient, will become 
from position ^. Again, this ^1 multiplied by 
the divisor 3—1, will produce . 1— *1. But this,, 
by subtraction, will leave +^1, which divided 
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t>y ^ will give ^'l or ^. And' this,^^ frdih position 
in the quotient, will be ^« And so of the other 
•terms. - 

In a similar manner, also, the quadruple ^eriei^ 

i—Tt when expanded, will be as below : — 






. +"1 

H-^l, &c. 

And so in all other fractional geometrical series. 
The following also are examples of this method 
of notation in geometrical series : — 

^ V 1 Vo-i-i4-n-i-»i, &c- 



+•1 

+•1-."! 



4-"l, &c. 



1-n 
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4-1) * (0+n +"l +"1 +*!. te. . .' . 

f-n - • . - . 

+•1 ' • ' . 
+•1— "1 • 



+"1 

19; The series o+i+i+i+i+Jg-, &c., if 
each of the denominators is multiplied by ^/ 

will become + ^-1-^+^ + ^V+iV* &c- ; ,and 
this by position, according to our method, will 
be 0+n+*l+"l+^n+«*l, &c., when the posi- 

tion of the terms is considered with reference 

« ... . 

to the denominators, and not to the value of the 
several fractions. Hence it will be,, by position, 

equal to i+^+ig^ + iV+-sV* &c. ; which series, 
as we have shown in (parag, 11), is equal to 
^ incommensurably. And as the series.^ -f^+i 
4-i+^, &c- is the half of the series l4-i+i+i 
+i + h &c-> so i. + ^+-i5.+^ + ^, &c. is the 
4 of the same series. Thus, too, one third of 
the series l+i+i+i + f+i, Sec., will be i+i 
+ i+iV+iV> Sec, and this multiplied by ^ wijl 
^ i+iV+A+^+Wr ^<^y smd this, by posi- 
tion., will be 0+n+^n +«l+*n +^1, &c. =i+ 
i^r + ^+^ + ir** Sec. == ^^incoinmensurably. For 
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~i^=i+n+^i+^i+**i,&c.=^^ 

And therefore i+^+'J^, Scc.zz^. In like 
manner one third of the series l-fi+i+i+^-r 
&c., viz, i+i+f + -jV+-iV> &c., will become by 
position^ if is put in the place of unity^ + '1 + 
n+4+«l+^l, Scc.zzj- + -^+^+^+T^, See, 
equal to the series which is the reciprocal of the 
pentagonal series of whole numbers 5 + 12 + 22 + 
35+51, &c., and this reciprocal series is equal to 
^ incommensurably. For 



+n 

H-'l— '1 

+•1 

+•1, *c. 

Again, one fourth of the series l+-|-+^+i4-f 
+ i, &c. will be i + i + Jj- + Jy + -jV + -J*!, &c., and 
this, by position as above, will be equal 16^+-^ 

+ £*8 + 4"r+-8V> &C' = i incommensurably, and 
will be the reciprocal, of the hexagonal series of 
whole numbers 6+15+28 + 45, &c. 

20. The series 1 +*l+n+91+**l, &c., by our 
method of notation, when the position of the 
terms with reference to unity is not considered. 
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will be 1 +^+^+^ + ^15-, &c. ; but if the terms 
are considered with reference to unity, the series 
will become I+^ + ^+Jj^+^V' &c* B"' ^^ 
aggregate of ■^+^+-^+^, &c. is I, and 1 by 
position, with ' reference to a unity immediately 
preceding it, will be ^ ; so that the series 1 +-t + 
iV+iV. &c- ^"11 l^e equal to l-j-. Thus also 
the series l+f+-iV+iV+iV» &c. will be equal 
to H. ■ For 1 +'l+n+«'l, &c., when the posi- 
tion of the terms with reference' to imity is not 
cpnsidered, will be i+i+iV+«V> ^c-i ti^t if 
the terms are considered with reference to unity, 
the series will be equal to 1+^ +iV+-j's-+tV» ^' 
But the aggregate of ^+-^ +Vir, &c. is -J^, ami -f 
by position with reference to unity, will be equal 
to ^, so that the series l+f+iV+iV* *c. will be 
equal to 1-|-. AndDobson, in his Mathematical 
Repository, has demonstrated that the former of 
these series is equal to ^, and the latter to 4. By 
the above method, however, 'the aggr^fates of 
the reciprocals of all the other infinite series of 
figurate nqmhers may be easily' obtained. For 
thus it will bejbund that the sum of the series 
l+T+W+jV+Tir* &c. is equal to f. For the 
aggregate of i+iV+sV + iV. &c. is f, and i by 
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position/ with reference to unity, ia^« And thus 
it will be . found that the fractional aggregates 
of the reciprocals of all the figurate numbers, 
will be h h i> i* h h h &^- ^ wfinitum; wh^ch 
may also be demonstrated by Dobson^s method, 
though not with the same facility as by ours. 

21. Hence, from what has been demonstrated 
in parag. 19, it follows that the series i 4-^ + -^V 
4-riT» ^^* ^^ inconmiensurably equal to ^. For 
^l+&i+fti + frxV, &c. is equal to the ^ of 2=^; 
iind the half of ikis sieriej», viz. . -^i+iV^-sV^ 
^ &c., will he from position equal to 1 + 2 ^ +-^ 
± Virf ^^* =r i u^commensuraUy. 

22. In the following instances, viz. y~j , T^* 

j3;7j-. Sec, the numerators will be equivalent to 

T» T» 6f ^^-^ 

i-n) o+. 1 (o+.i+»i+'i+'i,&c=i+>+T»ff+A,&c. 

O+.l— •! 



4nd if tjie terms of the serie* l+i+i+iV+iV* 
&c^ are severally multiplied by^, the $eries ^+i 
+ aV"*'-A> &c>=l will be produced, i. e. in our 



ARrrBMSTtCAL NOTATION. 33 

notation, . i+»i+n+^l, &c.; the half of which 
wUl be (from parag. 20) . + . 1 +*1 +»1 +'1. &c. 

= -J- + -f + iV + W» *<5' = «•» incdmmensurably. 
Thus, too, if the terms of the series l+i+i+iV 
+ -^, &c. are severally multiplied by i, the series 
i" ■•■ i + iV+ W» &c. zr f will be produced, i. e. 
*l+n+n+"l, &c,; the half of which wUl be 
.•+*! +»1 +*1 +"1, &c. =:i+J5-+^+-54-, &6.=f 
=i. And j^ = ^ = -Di (=i=i. Thus, 

too,-Y;;Tj-=-Yz:^ = i)i(=iV=i* And io in all 
other instances. 

23. As the series 1+. l+n+'l +*1, &c. ue. 
l+i+i+i+f+ii *W5. produces, frooi position, 
like series 1 +^+^+^+iV + ^> &c*; so the 
half of this series, viz. l+i4-^+-f +i, ftc*, pro- 

duces the series 1 +i+i+iV+'A-> ^^-J the one 
third of it, viz. 1+^+^+^+^, &c.' produces 
the series I +x+^+^-^^, &c. ; and in a 
similar manner the remaining parts of it produce 
the remaining series, the reciprocals of poly- 
gonous series. And as the serieci 1 +i+f 4-^+^^ 
&c. is the half of the series 1 +i+i+i+f+i, 
&c., so the series ^4-i+-^+iV> &c. is the half of 
the series i + i+i^+i^+-5Vj' *c- .And,' um- 

F 



-< 

*' 



ifeWaJly, tihe' ^, i, J^, &c. parts of the fprpwr =vritt 
prftdqde^^. f, i; .f; i,'&c. -parts uf the latte» 

9etiea. .-\ •■.•-..■,.•. ■'■;■■ ■- 

. 2f4; Ajpin; the QthAr half ^i ^ feeriea I -f i + ^ 
'+i.+i,"&p;rvlz; tbq series i+i. 4^ i+iH-iV, &<?• 
)viH pi?o4ufc€ii ?>y poailien; tb^^ strips -|^^ ^ ^ + fr * 
Vt^-H Vtri &c.; . wWch is tfee h^If af the-pQriifs 1 4- f ^ 
;r^^ + iV + ife-r'^<?-;\and th^t)tlx€fr i <tf tjijt perils, 
1^! i+i+i4^^ + iV^: &c! will produce, by posi^ 
tion, the series i+i + ^+^ + ^, i&c, th^ \ of 
thie' series l%f+'f+^+3V» &€• And sd €i>'/ 

25. As the parts of the infinite series likewise 
i^4i*+i4^i,' &c. in parage 23, are incommen- 
surable; so likewise are the parts of the series 

^+i + iH-V4- + iVi &c- fe the same paragraj)li; 
"And 'S^s the parts; df the series 1 +i^+i+ i; &o! 
$n parage 24, ai^ 'commensurable, so also are the 
jparts to the same pafa^ph of Ae series 1+1+^ 

s rg^j} Th^'term^ 6f the series l + x + i + i + f + j^ 
'Sfcciv^whfen they are considered as^ t6, their position 
<wiiii referende ^to unity, fotto tSe s^es 1+^4.^ 
•4^TV4Vr>* &c/ For i is, by positiori, . i, l\* ew |i 
^ isi by position . \ % i. e. ^, aiid so of the rest of 
•flife^ tei?m^. Jti like mian^et tW seiieis 1 + . f + . 4 
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c+ . i * V ^:+ ., i, ■ &c., will fotfli the sAje* 1, +-i *-j»Si 

+-iV+tV+-aV. &c- For 1 +. ■l-.willbe.froni poiti 

tioD, 1 -i-^x^zrlrf-^- Aod •!■, .from its pocition, 

wiH.be equivalettt to i^Xi=i^; fo^ itisinithe 

Mth place from unity. , And .so of the: rest oi 

the tenw. Aiul se the series 1 r^i -t'-i<+^, &c., 

is- incpmmensuFabte, and ia piodnced bytheexv 

pansitm of an expression equal to ^, so likewjs^ 

the series 1 +^+-^+-^>&c.'i^iiicoiilmeDsii^ble; 

and is peoduced fay the espansicni. oTaB express 

aon equal to 4, For it is produced as' below: — ; 

i-*i^ / * 3^ ^**i'--- ■■■■■ ; 

j-M .'. : ■'- :. 

+*i 

?^S 4c.-.- ■. ■ ■■■ 

Heikce, as 0+-^ + -^ + \+j^,Scc. produces, by posi-- 
tioD, the series ■i--+-i- + -iV4-5V> ^^-i so the half of 
that series, viz'. G + .-J- + . i+'.^+.i, &c: nfiS 
produce, by position, a. series the halfof-t+■^^- 
^, &c., via. it ^vill jirod^ce (he series:-j-^-^+, 
Vf-.&C. ., ,- :; 

a?. The series -i^r+^+^+^, ftc'..- 
^^i+iV+Vr + iV' ^c-* "Will be, according to otlr' 
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TOtotion, 0+H+>*l+«*l+*4, Sec., and the first 
tenn. added to ^1, the second term in this nota* 
tion, viz. i + tV» ^i^ ^ equal to -^, which is less 
than I by ^. In like, manner the sum of the 
first and second terms, added to the third temi 
in. this notation, viz* 'j-+^+**l=iV+i = A» 
which is less than ^ by Vr* Thus, too, i+-^ + 
-^, added to the fourth tenn in this nota^<Hi, 
viz, ^1 or ^=-Jy, vFhich is less than. ^ by tV- 
And thus it will be found that liie sum of Hie 
terms continually approximates to f , and will 
at last only differ from it by an infinitesimal. 
It is also remarkable, that the sum of any finite 
number of the terms always differs from J by 
that term in our notation, which is added to the 
terms. Thus ^ +^ is less than | by -^. Thus, 
too, ;!. + -^ + ^ are less than ^ by ^. And ^ + 
•5*r+Vr+W are less than | by ^V- And this 
will be found to be universally the case. 

Again, the series ^ + -^^ + -s-nr- + 



2.6 • 6. 8 ^ 8 .11 ^ 11 . 14» 

&<5-=^+'Ar+ sV + TTT* &c., will be, in our nota- 
tion, 0+n ^n+n +«*1, &c. And ^ + ^1, i. e. 
•3?r+-sV=Vr> which, is less than ^ by ^. Thus, 
too, ~i^j.+^ + «^i^ or -^zz-J^, which is less than 
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i by tV- likewise, ^ + ^ + Jg! + »1, or ^=Uf 
which is less than ^ by -^^ And so in idl other 
additions of the terms ; by which it appears that 
the aggregate of this series will differ only from ^ 
by an infinitesimal. . In the same manner also, 
as in the preceding instance, the sum of any 
finite number of the terms always differs from ^, 
by that term in our notation which is added to 
the terms* 
Thus, too, the series ^ + ^ + J-j^ + 

uTl6* *c-=iV+A + T*T+TiTri &c., will be, 
in our notation, + »''l +**1 +»»l+»4, &c. An4 
1*8 +t*T=W» which is less than ^ by ^. Again, 
■jV + aV+iV^A* which is less than ^ by ^. 
And ^+^+.^+^=^, which is less than -J. 
by -^. And the like will take place in the sum- 
mation of all the other terms ; and also in other 
series of a similar formation. 

Again, the series-5-^+ ^+ ^ + t^ 
&c.=:-j4.+y3.+.j^+.3^, &c. =:-j^ (see Bonny- 



castle's Algebra, p. 176,) will be, in our notation, 
+ «l + «l +ni + »»i, &c. And ,1^ +^=^, 

which is less than -^ by ^. Thus, too, yj>+^ 

+^=:y^, which is less than ^V ^y -?V* And 
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tbls !will:t£(Me plaK^ei ia the sunftpatioft of all the 
otlieir Ifisroois^ so tbattbe t^rmsi by addition cotVf 
tiniiaily approximate to -V> ^^d Will at length 

differ .Ifroia it only by a» infinif esimal.. _ . 

1 1 

•28/ In the j^eometrical series -j — ^ + ^Tt *^ 



^•.8 ^ 8 . 16' 

and ia ouf notation + l+*l+**l +«*1, &c. ;_if 



. J < 



■i-is added to i. the sura will be -^, the aggregate^ 
of the ;series ; for ^ 3 -§-. Thus, too, i + i + ^ = 
i^rrf: And i+i+^ + -34^=f^=i- And the like 
will talte^ pfetee im liic snffimation of all the other 

leri&s. ^ - i' "■^• 

1 1 

*' Again, in the geometrical series j~~ -«► ^--g 

. • • • . ' • 

• . I . 1 1 

+ 9 .27 "*" 2T . 81 "^ 81 . 243 ' *^- — T + sV + 

T4a + g/e7 > &c.r:-|, which, in our notation, will 
be 0+ • l+^n+«^n+'^l, &c., if \ is added to 
■Jy, the sum will be A=:i. In like manner ^ + 
•jV + TiT—^iV— i- And thus it will be found 
ifiat the Aggregate of all the terms is f , an infi- 

nitesimal excepted. But that the series i^+^H- 

'''.■■ \ /. . .' . . > 

^+Tr8> &c- is aggregately equal to ^ is evident 

' - ' . . ..' . - ^' ...'-« ' 

frota this, that it is produced by the expansion of 

- « • , * ^ . J. . ... , ^ • ■ . .. I. ..,«..,._ - it 

3-3-*. And the series -I- +^+^+,T^, &c 
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i^ equ$t( to f; because it b piroduced byUha 

expansion of --r — - 1 Thus, too, in the gedme- 

trigal series j— + TZTE + i6T64 + eTTase ' 
&c- = T+-s^ + Tfrf+T?iTT» &c.=:tV. and.whieh^ 
in our nptation, will be .0 + *! +*91+9«1,+ '«»*91, 
&c. ; if i is added to ^1, i. e. to r^, the sum will 
be.-^=:^z:^. In like manner i+-j»4 +»®li ». €., 
-g-j^=f^=^. - And thus it will, be found that 

the aggregate of all the terms is ^, But that 

< . •,"»'. "^ - * "" *•-'■* ' * 

this is the §um of the .series is evident : for the, 

1 " 

series is produced by the expansion of T-^rt* And^ 



4-^ 



it may easily be shown that the like property 
will tak$ place in other similarly formed geo- 
metrical peries, produced^ by the expansion o^f 
1,1 1 * 

T:z^' W^' T^» &c. . 

In the series x+±+^+-l± + ^^^ &c. =f ; (see- 
Bonnycastle^s Algebra, p. 174,) and w&ich, in our 
notation, will be + . l+'4:+W9i+«ie, &c.; ifi*^ 
is added to *4> i. e. to -f-, the sum will be 1> Wkick 
a leste tha;n i by i'= fir. Thus, too, i+-f+*9,' 

r • • P . 

lie. to -j^, will be eqUaltofJ, which is less tbarf 
i by H^ Again. 4.+4+^»»l^, or^iA, . wflf' 

bfe e<miil to; i;h» *»^ His tessthani-by ■^. And' 
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SO in other instances; the difference between 
the aggregate of the terms of the series and f 
becoming at length infinitely small. 

Again, the series ^+|.+|.+^+3V+A» &c- 
—2, (see Bonnycastie's Algebra, p. 173,) will 
be, in our notation, + 1 + . 2+»3+^4 + "5+'*6, 
&c. Then ^+.2, i. e. i^+1, will be equal to f, 
which is less than 2 by -1^. In like manner i- + 1^ 
+ ^3, I. e. to ^, will be equal to ^, which is less 
than 2 by i- Thus, too, j^+j.+^+H, or ^= V» 
which is less than 2 by ^. And thus it will be 
found, that there will be a continual approximation 
to 2 from the addition of the terms of the series, 
by the terms ^, i, i, -^, -jV» &c., and, conse- 
iquently, the difference between the aggregate 
of the terms and 2 will at length become infinitely 
small. 

After the same manner it will be found that 

the series i+i+-3V+i*r+TfT+TiT» &c. will be 
aggregately equal to 1. For this series, in our 
notation, will be 0+. l+'2+"3+"4 + ^<^*5 + «*6, 
&c. And ^+^2, or i=h which is less than 1 
^y h or r^. Again, i + ^+ '^3, or ^=fi, which 
is less than 1 by -j^, or j^. And i-\-^+^+^4. 
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or 3^^=^, which is less than 1, by ^. And 
so on ; by which it appears that the difference 
between the aggregate of the terms of this series 
and 1 , will at length be infinitely small. 

Again, 1-+^+^+^^ 4-..^ +.-.^, &c., will 
be, in our notation, + n ^-"2 4-*^3 + *^4+'^6 + 
^^'6, &c. And i added to "2, or ^ir^zr^^ 
which is less than ^ by ^. Again, i+^+^S, 
or ^z:^, which is less than i by •^, or ■^^. 
And i.+^ + ^ + ^4, or ■^=-^. which is less 
than ^ by '^. And thus the diflFerence between 
the aggregate of the terms of this series and i, 
will at length be an infinitesimal. 

29. The series i+i + i-f-^+Vr* &c. will be, 
in our notation, 0+ 1 -f • 1 4- *1 +^1 + "1, &c. And 
if the third term in this notation, viz. . 1 or ^, is 
added to ^, the first term ; the sum 1 is equal to 
the sum of the series. Thus, too, if th0 fourth 
term, or^liz^, is added to i+i, the first and 
second terms of the series, the aggregate will 
also be 1. Again, the fifth term, orTl ;i:^, added 
to i+i+i, will be equal to 1, And so in aU 
other instances. 

In like manner, in the series i + ^H--^ + ^ + 
xh-> &c. =i, i. e. 0+. 1 +n+''l+''l +^^4, &c*, 

G 
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if the third term ^1, or ^ in our natation, is added 
to -§-, the first term ; the sum will be ^. And *U, 
or ^, the fourth term, added to the first and 
second terms of the series, viz. -rr+i+i— A 
=^. Thus, too, '^l, or 3^^, added to i-fi + 
^ = |-| zr i. And so in other instances. 

Thus, too, in the series i+iV+^+^ir^^c* 
which, in our notation, is 0+'l+'4+*U +^»4, 
&c.. it will be found that i+^^l> ^ ey iV—i? 
the sum of the series ; that i+^ + -^^ or *^1 =-^ 
=i; aud that i + -jV+^+^^^l, or xh^rr^^^i- 
^nd the like will take place in all other instances 
of this and other geometrical series. 

30. In the series 1 titi + iV+rr* &c., which 
in our notation, as we have before shown, will be 
J + . 1+4+n+n+n, &c., and is produced by 

the expansion of the expression ^~ 1—^5 ^^ 
any term of the quotient is divided by the deno- 
minator of the expression, i. e. by i, the quotient 
will be equal to the sum of the remaining terms 
of the series, the term assumed being included. 
Thus, if the second term in our notation . 1, or ^, 
is divided by i, the quotient will be 1 ; which 
will be eqiual to the sum of 1.4.^+^+^, &c. 
Again, if the third term ^1, or ^, is divided by ^, 
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the quotient f will be evidently equal to i+iV + 
.^ + A, &c., because x+x + ^-h^, &c. = 1 
and f -f iz:L Thus, too, if the fourth term H, 
or ^, is divided by ^, the quotient will be i, and 
will be equal to the sura of-^ + -^+'^, &c. And 
this corroborates the truth of our theory. For, 
unless . 1, *1, and '1, were by their position, with 
reference to unity, equivalent to ^, ^, and ^, the 
remaining terms of the series, in conjunction with 
those terms, would not be equal to what we have 
demonstrated them to be. 

Again, in the series l+i+-i--+^ + ^, 8cc.= 
1^, which, in our notation, will be 1 +^1+*1 +^1 
n^*!, &c., if the second term *1 or ^ is assumed, 
and is divided by f , to which the denominator of 
the expression producing this series must be 
equivalent, the numerator being 1, then the quo- 
tient i will be the sum of the remaining terms, 
viz. of the terms i + iV+^^-aV* &^' Again, 
if the third term ^1 or ^ is assumed, and is 
divided by f , the: quotient -^^ or ^, will be the 
aggregate of the remaining terms tt+2V+^> 
&c. Thus, too, if the fourth term ^1, or. ^, is 
divided by f, the quotient ^V will be equal to 
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the suin of the remaining terms of the series : for 
^+l+i+^=:|^z=f=:f. And so in all other 
instances. Hence, though an expression cannot 
be found, the expansion of which gives this series, 
yet as the aggregate value of the series is f, the 
denominator of it must be equivalent to f , and 
the numerator to 1. 

31. We have shown (in parag. 6), that in the 
sqriea I +i+i+i+f +i, &c., any series of terms, 
whose denominators differ from each other by 
2, 3, 4, 5, 6, &c., are the i, J, f , ^, ^, &c. parts 
of that series ; and it will follow, from our method 
of notation, that as 1+^ 1 4-n+M +*!+% &c.; 
Lc, as the series 1 +^+^ + 4 + ^ + 1, &c., forms, 
by the position of its terms with reference to 

unity^ the series l+i+i+^ + 'A' + iV+s^^ &c., 
so th^ half of it, viz. + 1 +n 4-n+U + ^l, &c., 
i. ^. i-f i+i+i + iV> &c., will form, by position, 
the series i-fi+^+iV-^-W* &c., which is the 
half of the series 1 + i + i+^+^y &c. And the 
other half of the series l+t + i + |+i, &c., viz. 
the series 1 +n +H +^1 +'1, &c-, or l+x+x+x 
4-i, &c., will form, by position, the series 1 -f-i^- 
i+iS^+A^* &c. ; and we have before demon- 
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Btrated that the series i+i + ^ + ^, &c., is pro- 
duced by the expansion of an expression^ the 
value of which is ^. 

Thus, too, the third of the series 1+i + ^+f 
+ i, &c. will be, in our notation, 0+ 1 +n -h^l + 
"1, &c. ; i. €. will be ^+i+i+i^ + -^, &c., and 
this will form, by position, the series i+^+^V"*" 
-gV* &c., which is ^ of the series l+i+i+^ + 
■jV> &o. But the series 1 4-i+4^+iV + iV> is also 
equal to ^ of the series 1 +1+^+^+1^, &c., as 
we have demonstrated (in parag. 5). And the 
terms of this series will form, by position with 
reference to unity, the series l+x-|.-a- + -L.+ 
-Jj., &c. As, likewise, the series ^ + ^ig- + -^l. + ^^ 

&c. is commensurably ^, so the series f+iV+*5V 
+ _L^ &c. is incommefisurably ^. For the series 

1 +0.4.^+^, &c. is produced by the expansion 

1 1 

of T — 17 zz T — r = 4- The like will also take 

place in the fourth, fifth, sixth, &c. parts, ad ivfi- 
nitum, of the series 1+i + ^+i + j, &c., when 
one of the series is that which arises from a 
multiplication of the denominator of each term 
of the above series by 4, 6, 6, &c., and the other 
series begins from unity. 
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Universally, also, of these parts of the series 
l+i + 3+i+5> ^^'» *^^ former will always be 
a commensurable, and the latter an incommen- 
surable infinite series. And in a similar manner 
of the two series, which are formed by the posi- 
tion of the terms of the above series, with re- 
ference to unity, one will be commensurable, and 
the other incommensurable ; viz. the series will 
be commensurable, which is produced by the 
position of the. terms of the commensurable series, 
and the other will be incommensurable. Thus; 
for instance, the series ^.-^x^^^^^^^ &c. is 
commensurable, but the series l-f-i-f^ + ^ + ^, 
&c. is incommensurable. 

32. As in decimals a number of infinite value, 
when it is placed below unity, becomes of a value 
less than unity ; so likewise, in our method of 
notation, a. fractional infinite series, the value 
of which is infinite, becomes, by its position 
with reference to unity, of a finite value. Thus, 
in decimals, 5000000, &c. adirijfin. if placed below 
unity, becomes equal to i; and in our notation 
. 1+n+n +n +n, &c., if unity is placed before 
it, will be l + . l+n+n+n, &c., and will be 
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equal to 1 ^- i + ^ + ^ 4- iV> &<^- — 2. Thus, too, 
«J+n+n +«1, &c. = i.+i+i + i, &c., if unity 
is placed before it, will be 1 -f*l+*l +^1, &c. = 
1 + i+i + iV> &c. = -f , incommensurably. 

33. In our method of notation, the points 
correspond to the denominators, and the units 
annexed to them to the numerators of fractions. 
-Hence, in the following instance, 1 + - 1+^1 +'1 
:+*l, &c., orl-fi + i + iV + rr* &c., if the points 
in each term are doubled, another fractional 
series, the half of the former, will be produced ; 
for, when the denominator of a simple fraction 
is doubled, the fraction is halved. But the above 
series will, in this case, become l+*l+*lH--^l 
+ ®1, &c., i.e. l+^ + i+-i^+^, &c.; and we 
have elsewhere shown that this series is incom- 
mensurably 1^ ; or, in other words, is produced 
by an expression equivalent to ^* 

Thus, too, the series 1 +M+n+^l+'^l, &c,, 
i. e. 1 + i- -f ^ 4- aV + tV> *c-> ' will be incom- 
mensurably IJ, the points in each of the terms 
of the series being triple of each of those in 
the series 1 + .1+^1+^1 +*I, &c. And so in other 
instances. 

As the series, likewise, l+i + |- + 4- + i, &c. 
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Kio ^n the series + 1+ ^ 

J ^ hv the positiou of the terms i+^+ t + <" 
duced by the pos .^^^^. 

&c with reference to unity, wiu ^ . 

etc., '«'»«*• , ^ 1 4. J- + T^-, «C., 

vi« Thus too, 1+-V+-V+T5^^ 1*' 

mensurable. Ihus, w , 

, . , ;^ an incommensurable third part o 
vrhich >^ ^ "'_^ &e., will, from the posi- 

senesl+++. + ..^ai reference 

to unity, produce the »ene, »+^J- '•;- 
„hioh .-m be «> iucommeusurabte tlurf P 
1(1. And &e like «iU take place .n ofl.er 

'^rt any simple ftactiona. i.eoite «ries 

. * -» ;«r.r«ise bv a common 
where the de.on.«>ato« '-^^^ ^„^,.„., 

multiplier, any tern. ,n our mMe 

placed over a corresponding term 

U when added to the preceding term, of fte 

series, be equal to the su» of ^^ ^'^^JZ 

this *iU not be the case .hen the denon»a«« 

^ not produced by one and the same mult.pl.er. 

35. As the expression ii^«. -fen expauded, 

equal, according to our theory, to the series 1 i 

+^_^ + +— Vt, &c., and the expression r^rrr 
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vhep ejcpand^d, produc^^ the series l-ti+.i + 
iV+^, &c. ; heaq^ what ^s aspert^d by modem 
mathematipiaQs is eyid^tly true in thes^ exp];e&- 
sipns. Fox they §ay that the ]aiW Q$ tfeese ^jBrie$ 
i» i of the square of the p^riph^ry of a circ^p 
irho$e diaoxeter is 1. B.ut the fonner of the^ 
series is equal to the 9t^ of s^ich a cijrcle, ac^d 
four times the area )^ equaj tp tfee pejripheyy- 

Four times, however, tTT = ^^ ^^ ^^ ^^^^ 

of 3 is 9. And , r =: f , and six times f is 

equal to 9. 

36. In sect. 6, we have shown it to be uni- 
versally true, that in the series lfi + i+i + i> 
&c., if any series of terms, whose denominators 
are at an equal distance from each other, are 
subtracted from another series, the denominators 
of which are also at an equal distance from each 
other, and each of which differs from each of the 
denominators of the former series, by unity, the 
double of the series, whicl;! is the remainder of 
such subtraction, will always be a part of the 
series I +^ + ^+^^^^ See. And it is also 
remarkable that the distance of the denominators 

H 
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of the terms of the parts of the series 1 -f i+i + 
^, &c., which are the remainders, when such 
parts are doubled, will always be at the same' 
distance from each other as the denominators are 
of the terms of the series which are subtracted 
from each other. Thus, let the denominators 
of the terms to be subtracted be distant from 
each other by two intervening terms, then the 
denominators of the terms, when doubled of the 
series that is the remainder, will also be distant 
from each other by two intervening terms of 
the series 1 +i + i+iV> &c- For instance, 

H-i + ^ + T^ff + Ar + iVt &c- 

which, when doubled, will be 

And the terms of this series are severally distant 
from each other by two terms of the series 1 + ^ 
+ T + fo + iV> &c- Thus, too, in three intervals. 



And this series doubled, is 1 +-^ + ^^^+r^, 
8cc. The terms, also, of this series are distant 
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from the terms of the series l+i+i+^+iV» 
&c., by three intervals. Thus, likewise, ia four 
intervals. 

The double of which is l4-5V+-rir + tH + Tir* 
&c. And the like will take place in five, six, &c. 
intervals. 
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BOOK THE SECOND. 



1. When any expression produces^ by being 
expanded, an infinite series, I call that series a 
distributed value ; which value is denoted by the 
expression, while it remains in the form through 
which it produces the, series. Thus ^--t- ex- 
panded is i+i+i + iV+iV> &C'> which series is 
a distributed value, and is denoted by ^^jf ; but 
the undistributed value is 1. 

2. In infinite series, the value of which is finite, 
the undistributed value can be actually, or fv ivigyu^ 
assigned, as in the above instance ; but in infinite 
series, the value of which is infinite, this is impos- 
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sible. For it can only be potentially, « twotfin, 
mutually, or causally assigned. Thus, in i^^-Ci 
±:l+2-f3 + 4-f6 + 6, &c., the undistributed value 
cannot be actually assigned. 

3. In all infinite series, in which the undis- 
ttibuied is not equal to the distributed value, the 
former is incommensurable with the latter. 

^. From what we have demonstrated^ it 
ippeairs that every infinite series of whole hilni- * 
bt^rs has a twofold value ; one, arising from the 
pbsitioli dir the terms, and the other being inde- 
pendent of position. Thus the infinite series 1 + 
1 + 1 + 1 + 1, &c., is, with reference to the posi- 
tion of its terms, l+i + i + i + ^ + i, &c., but, 
when considered independently of position, 11 
is an infinite series of units. 

Thus, tod, the series l+2 + 3+4 + i5 + 6, &c.i 
is, from position, 1 +i.+f4.* +1.4.4, &c., i. e. is 
1 + 1 + 1 + 1 + 1, &c. ; but without position, is 
the whole numbers 1+2+3+4, &c. And so of 
the iresl. 

Hehce, too, the square of the series 1 +|^+J + 
i^i+i. &c-» fs the series 1 + 1 + 1+1 + 1 + 1, 
&c., adcOrdiiig to a distributed value. But, in 
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this case, this latter series is to be considered 
independently of position. This may be proved 
by a multiplication of the parts of this series 
into themselves : for, in such multiplication, the 
value of the product is nearly equal to the same 
number of the terms of the series 1 + 1 + 1 + 1 + 1, 
&c. Thus l+|+J + 4=:ff, and iiXU=W6^ 
zz4^ nearly. And four terms of the series 1 + 1 
+ 1 + 1 + 1, &c., are equal to 4. Again, 1 +i+i 

J- i-i-i— 1 3 T Qnri 13 7V 1 3 7 — 18769 — /^l- Tiparlv 
+ 4T^5 — To ^ ^^^ ^ 0^ ^ To — 3 6 — *^5 "^<*riy. 

And five terms of the series 1 + 1 + 1 + 1 + 1 + 1, 
&c.= 6. Thus, too, l+§ + ^ + ^ + i + ^=:|A|., 

and mxm=Ti-HU=^^-o' And six terms 
of the series 1 + 1 + 1, &c.=: 6. Again, l+i+i 
+ 4 + i+i + i=fH> and this, squared, is WsW 
z=6 ^Uoo ' And eight terms of the series 1 + J + 
i + |, &c.zi-|^, and this, squared, is Va^V — 
7 tttH- And so in other instances. 

5. The following infinite series of whole num- 
bers will be to each other according to their 
distributed form, inversely as their fractional reci- 
procals. In the first place, the infinite series 
of natural numbers 1+2 + 3 + 4 + 5 + 6, &c., and 
the infinite series of odd numbers 1+3 + 5+7+9* 
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+ 11, &c., will, in their distributed form, be 
to each other as 1 to 2 : for the expression, from 
the expansion of which the former is produced, 

is ^[^2 +T » '^^^ ^^^ ixovi which the latter is 
produced, is ^X.y And in their reciprocals, 
1+^ + i + i+T + i, &c., H.i+^ + i + -i.+^, 
&c., the former will be to the latter as 2 to 1; 
as is evident from what we have demonstrated in 
parage 4, Book I., and from what has also been 
demonstrated by modern mathematicians. In 
like manner the infinite series 1 -f 4-4-7 -f 10 + 13, 

1 +2 

&c., produced by the expansion of ^^^-t-i * ^"^ 
be, in its distributed form, to the series, 1 + 2 + 
3 + 4 + 5 + 6, &c. ; u e. to ^_^ ^ as 3 to L 

And in their reciprocals 1 +1 + 4- + iV + -iV> &c-> 
l+i + i + i + i+i, &c., the former will be to the 

latter as ^ to 1 . This, too, will be the case 

with the series 1+5+9 + 13 + 17, &c., produced 

by the expansion of ^_^^ , and the series 1 + 6 

+ 11 + 16+21, &c., produced by the expansion 

1 +4 

of ^Jj^^Y > and their reciprocals l+x + i-|._i_.4. 
^, &c., l+-i. + u_+-i_+-i-., &c.; and, in short, 
with all the infinite parts of the series 1 +i + i + 
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^+f +-J-, &c., as is evident from what is demon- 
strated in the above-mentioned parag. 4. 

The like also will take place in all polygonojjs 

series. Thus the series of squares 1+4 + 9 + 16 

+ 25 + 36, &€., produced by the e^^pansion of 

1^3+3^ 1 » ^^^ *^^ triangular series 1+3 + 6-1- 

10 + 15 + 21, &c., produced from j^g 3^^ , are 

jobviously to each other as 2 to 1 ; and if unity 
is omitted in each, which is but an infinitesimal in 
each, their fractional reciprocals, which are i+i 

+ iV + -iV+-5V» &c-» ^d A.+^ + ^ + ^+^, &c., 
jare, in connexion with unity, as we have shown 
in the first Book, produced by the expansion 

And if unity is . subtracted from each of thede> 
the remainders will be 1 and ^ ; and 1 is to ^ as 
2 to 1 . Thus, too, the series of pentagons 1 + 
5 -I- 12 4- 22 + 35, &c., produced by the expansion 

^^ 1-3+Lr ^^" ^^ *^ 1^3+3^1 ' *^® ^^P^^s- 
sion from which the triangular series is produced, 

as 3 to 1. And with respect to their fractional 
reciprocals 1 +i+iV-»- iV+iV* &c., is produced 
by the expansion of j— q- : for this expression, as 



T-- 
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we have shown in the first Book, is, when ex- 
panded, l+M+n+n+*n, &c., andl+i+i + 

^+-j^, &c. is produced from ^ _ ^ . But the 
former expression | _,^ -, is ■ _ = H, and the 

latter expression is j^TT ~ l ^i ^ ^' Hence, 
by subtracting unity from each, the latter series 
will be to the former as 3 to 1, i. e. as 1 to ^ ; the 
pentagonal, as well as the tetragonal fractional 
series, being incommensurable. In like manner 
the series of hexagonal numbers 1 + 6 + 15+ 28 -h 

1+3 

45, &c., produced by the expansion of j^_g ^^^ 

will be to 2_3 . 3_-^ as 4 to 1 . And the fractional 
reciprocal of the former of these series, is pro- 
duced by the expansion of rzTi > ^^^ *^^ latter 

by the expansion of Yzry. But the former 

expression ^ _4| , is yztL = ^h ^^^ the latter 
is equal to 2. By subtracting, therefore, unity 
from each, the latter will be to the former as 
4 to 1 ; the hexagonal as well as the pentagonal 
series being incommensurable. And the like will 
also take place with all the other polygonous 
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fractional series ; all which, by our method, will 
be found to be incommensurable quantities. 

The infinite series of heptagonal numbers 1+7 
-l-18-f34, &c., is produced by the expansion 

of the expression ^^3 . 3^2 ' ^^ octagons 1 -f 8 + 

21+40, &c., by the expansion of 1^3 .3_f ; of 

enneagons 1+9+24 + 46, &c., by the expansion 

^1+6 , ., . 1+7 

1— 3-4-3— i ' ^^^ ^'^^ expression ^^3 , 3_p 

when expanded, produces the infinite series of 

decagons 1 + 10 + 27+52, &c. Hence, as 

1—34.3—1 ^®' when expanded, the infinite series 
of triangles, 1^3 . 3^1 tbe infinite series of 
squares, rildTsIZv ^^^ infinite series of penta- 
gons, and |_3 ,3_| the infinite series of hexa- 
gons, it follows that infinite series of polygonous 
numbers will be to each other in the ratio of 
the natural series of numbers 1, 2^ 3, 4, 6, 6, 7, 8, 
9, 10, &c. And, by our method, it may be 
demonstrated that this will also be true of their 
fractional reciprocals. 

6. Geometrical infinite series, likewise, of whole 
numbers, will be to each other inversely as their 
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fractional reciprocals, according to their distri- 
buted form. Thus the series 1+2+4+8+16,' 
&c. will be to the series 1+3 + 9-1-27+81, &c., 
inversely, as the series i+i + i + ^+^, &c. is 
to the series i + i+ iV + ^> &c. For the expres- 
sion, from the expansion of which the first of 

these series is produced, is ^z^ ' that from which 
the second is produced is i-— 3 ; the third is an 
expansion of-^— j; and the fourth of ^^y. But 
7 is to , — 5- as —1 to —2, i. e. as 1 to 2, and 



1^2 '""^ 1-3 
fUr ^® ^^ 3IIT 2ts 2 to 1. Thus, too, the series 
1+4 + 16 + 64 + 256, &c., will be to the series 
1 +5 + 25 + 125 + 625, &c., in a distributed form, 
as 3 to 4 ; for the former is an expansion of the 

expression Y3T ; and the latter of j—j ; and 1—4 

is to 1—5 as —3 to —4, i, e. as 3 to 4. And, in 
their fractional reciprocals, the series ■}p + ^+-^ 
+TjT> &c. will be to the series i- + ^ + ^x«4. 
7^, &c. as 4 to 3 ; for the former is produced by 

the expansion of 7^ , and the latter by the ex- 
pansion of -^^ ; and ^ is to i^ as 4 to 3. The 
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like analogy will also be found to take place 
in all other geometrical infinite series. 

In the parts, also, of geometrical infinite series, 
the aggregates of whole numbers are inversely as 
the aggregates of their fractional reciprocals, as is 
evident from the following instances. The ex* 

pression ^ q_^ , or -j — ^^j, (see paragraph 6. 

Book L), when expanded, gives the series 1+0 
+4 + 0+16 + + 64, &c. z=i of the series 1+2 
+4+8 + 16 + 32, &c. For the latter series is 

produced by the expansion of -j^ , and the deno- 
minator 1+0—4, divided by 1—2, gives for the 
quotient 1+2, as may be seen by the operation 
below : — 

1-2) 1+0-4 (1+2 
1-2 

+2—4 
+2—4 • 

And the series ^ + ^+^+.ji^, &c., is i of the 
series x + ^+1+ j^-i-^^ &c. Again, the expres- 

si^^ i-i-O+o—B 8^^®^* when expanded, the series 
1+0+0 + 8+0 + + 64 + + 0+512, &c. =^ of 
the series 1+2+4 + 8+16+32, &c. For the 
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denominator 1+0+0—8, divided by the denomi- 
nator 1—2, gives for the quotient 1 +24-4, 

1-2) 1-fO-fO— 8 (1+2+4 
1-2 

+2 
+2—4 



+4—8 
+4—8 



And the series i + ^+-^ + .5.^15-5., &c., is }■ of 
the series i+i-f i+iV + iV> &c-- ^^^ it is pro- 
duced by the expansion of ^ _ . = -f. Again, ^as 

j-pi-j = 1+0 + 4 + + 16 + 0+64, &c. is -J- of 
the series 1 +2+4 + 8 + 16 + 32, &c., and as 
\ltl4 - 0+2 + + 8 + + 32+0+128, &c. is -I- 
of the series 1+2 + 4 + 8+16, &c., so i-+i + 
■sV+rh-* &c. is f of the series 0.4.^ + 4.+ Jy, &c. : 
for it is produced by the expansion of-^^ir, or 

of -^. Farther still, ^^o^o+o-l6 =2 + + 
+0+32+0 + 0+0+512, &c., and is.^ of the 

1 n . A , a to o r 1+0+0+0—16 

senes 1 +2+4+8 + 16, &c., for ,_Z = 

1+2+4 + 8. And ^^^J^o_^^ = 8 + + 0+0 
+ 128+0 + + 0+2048, &c., and is ^ of the 

series 1+2 + 4 + 8+ 16+32, &c. But y~t; = i 
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' 6 1 2> ^^' 15 • 



Anil » — i J L 



+ 



' 3« • dl2>*^^* ^15* -•—•'- 1_ 1 ^ 8 • 12 8 

ToVe, &c. And the series i+^L+^i-, &c. is 
to the series i+Tfs+Wra* ^c- as 8 to 2; and, 
therefore, is as the series 8 + + + 0+1 28+0+ 
0+0 + 2048, &c. to the series 2+0 + 0+0+32 + 

0+0 + 0+512, &c. Farther still, as ^^q_9 = 1 
+ 0+9 + 0+81+0 + 729, &c. is i of the series 
1+34.9+ 27 + 81+ 243, &c, (for 1+0-9, divided 

by 1—3, gives, for the quotient, 1+3, and , _ 

= 1+3 + 9 + 27+81, &c.); thus, also, i + -^r+ 
-^, &c..is i of the series x + ^ + u^+^ + ^x^, 

&c., and is equal to ^. For the series -J^ + -8^.+ 
y^, &c., is produced by the expansion of -g— y 
=-!-♦; and the series ^ + ^ + ^+^'^ &c. = i; 
and the ^ of ^ is equal to ^. Also, as ^ . q , q_27 
= 1+0 + + 27+0 + 0+729+0 + 0+19683, &c., 



* This series is produced, by our method of notation, as 
follows : — 

9-1) 1 (O+n+^'l+^^l, &c. 

i~n 

+'1 
+n-^i 

+''1 
+^'i-*^i 

T'n, Ac. 
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is ^ of the series 1+3+9 + 27+81, &c., (for 
1+0 + 0+27, divided by 1—3, gives, for the 
quotient, 1+3+9). so -jV+Tfr+nmrr. &c. is Jy 
of the series a.+-j.+^ + jl., &c. For this series 

is produced by the expansion of = ^ ; and 

the ^ of i is ^. Again, i^q^q^q_qi = 0+3 
+ + 0+0 + 243 + + + 0+19683, &c. = -^ 
of the series 1 +3 + 9+27 + 81, &c., (for 
l±l:^^±z^= 14. 3 4- 9 +27 = 40). And 

lltltltZl =0 4-0 + +27+0 + 0+04-2187 
+0 + + + 177147, &c. zi 1^ of the series 1+3 
+ 9+27 + 81, &c. Hence the former series is 

to the latter as 3 to 27. But-rj-^ = ^ + _i_ + 

-J- 1 ilrp 8 1 .3 

^ 1 7 7 1 4 7 > "'^* 2 16 TT* 

7. Dodson, in vol. i. of his Mathematical 
Repository, has demonstrated that the infinite 
series of the fractional reciprocals of the figurate 
numbers 1+4 + 10 + 20 + 35, &c. is equal to \y^ 
and also that the infinite series of the reciprocals 
of 1+5 + 16+35 + 70, &c. is equal to \. But 
in a similar way it may be shown that the series 
1 +i + ^+ aV + Tiir> &c- is equal to \. For 1 + 
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i+iV+iV+iV. &c. = i. Hence 4— ^=J-+a 



5 



5—1 

+ iV + -fV» &c. And by subtraction 1 = -^ — pH- 

15-5 35-15 . 70-35 T».of ^c 1-4.2 

1575 + 3^5715 + 70T35-' &^- T*^^* ^^' 1-f+T 



6 



+Yyr+fi» &c. Hence, as 1 +i=i, if the series 
T + Tr + T76- + ff» &c. is multiplied by i, the pro- 
duct will be i +i + iV + aV> &c. = f. Thus, too, 
it may be demonstrated that the series l+\+'rw 
+^, &c. is equal to f ; And, in short, it will be 
found that the reciprocals of all the infinite series 
of figurate numbers beginning with the series 
^4-J^+-jV+iV+"^» ^^'f will form the harmonic 
series 1 +\ + i + i+f + i + 4-, &c., ad infinitum. 

The infinite series of figurate numbers, of 
which these series are the reciprocals, will be 
to each other as 1 — P, 1 — P, 1 — P, 1 — P, &c. 
For the series 1 +3 + 6 + 10+15+21, &c. is pro- 
duced by the expansion of the expression 

1—3^3—1 ? ^^* ^^ series 1 + 4 + 10+20 + 36, 

&c. by the expansion of ^_. ^^^^ ; and by 

» 

dividing each of these expressions by ,_^ . , , the 

former will be to the latter as 1 — P to 1 — P. 
Thus, too, the series 1+5 + 16 + 35 + 70, &c. is 
produced by the expansion of the expression 
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lJ -5 + loilO+5-l ' ^°^ 1-3^3-1 ' "^'" ^^ *« *^'^ 

expression as 1 — 1' to l—V. Again, the series 
1 +6 + 21 + 56, &c. is produced by the expansion 
of the expression , _6 + i5_2o+i5-6+i ' ^^d 
i—s+a—i ■will be to this expression as 1— I* 
to 1—1*. And the like ratio will take place in 
all the other expressions from which infinite 
series of figurate numbers are produced. But 
as the series i+i + iV+iV* ^^- ^^ equal to 1, 
the series ^ + -^+^+-^,Scc. =ij, the series -f + 
■iV+iV+iV. &c.= J, the series -i- + ^+3V + Ti7. 
Sic..zz-^; and so of the reat ; thus, also, 1 — Pto 
1 contains the ratio of 1—1 to 1 twice, 1—1' to 
1 contains the ratio of 1—1 to 1 thrice, 1—1* 
(;ontains the ratio of 1 — 1 to 1 four times ; and 
so of the rest. Hence, as 1 contains J twice,; 
so 1 — 1' contains 1—1 to 1 twice; and as 1 
contains -J- thrice, so 1 — 1' contains 1—1 to 1 
dirice ; and so of the rest. The aggregates, 
therefore, of the infinite series of figurate num- 
bers are to each other, with respect to number of 
ratios, what the aggregates of their reciprocals 
are to each other With respect to numerical 
quantity ; unity being excepted in each of the 
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figurate series, because, as they are whole num- 
bers, it is but an infinitesimal in the value of the 
series. 

8. As the value of the expression, from the 
expansion of which the series l+T + i + -iV+Vr» 
&c. is produced, is less than the sum arising 
from the addition of the parts of this series, this 
also would be the case with the expressions, if 
they could be found, from which the series 1 + -J- 
+ -5V + iri-+Th-> &c., and the series 1 +-ig.+^ + 
.jX^+.-Xj., &c. are evolved; and in a similar 
manner with the series of all the other powers 
of the terms of the series 1+i + J^ + i + i, &^^ 
But this is indicated by the expressions from 
which the whole numbers, of which these frac- 
tional series are the reciprocals, are evolved. For 
the numerators of the expressions ^^3 . 3_| $ 

14.4-Hi 14.11+11+1 • J- 

I,^+6-44-l > l-^5+10--10+5-l > &^- ^^^ ^^ ^ ^^^- 

tributed form, which universally indicates that 
the value of the expressions, from which the 
fractional reciprocals are expanded^ is less than 
the sums arising from the addition of the parts of 
the series. 

9. Hcaace there are many infinite fractional 
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series^ the aggregate value of which is finite, that 
are similar to infinite series, the parts of the series 
1 +a. + i + i.+-i: + i, &c., and which have an 
infinite aggregate value. For the aggregate of 
l+x+x+i+i, &c. is half the aggregate of the 
whole series l+i + i + i+i^, &c., and therefore 
the aggregate of |^+^H-^ + f, &c. is also the half 
of the whole series ; and yet every term in the 
former is greater than every corresponding term 
in the latter series; viz. the firat term of the 
former is greater than the first term of the latter ; 
the second of the former, than the second of 
the latter ; and so on. This will also be the case 
with the series 1 +i + i+iV + iV+*iV> &c., and 
the series i + i + i+^+^, &c., each of which 
is ^ of the whole series 1+i + i + i + ^+i, &c., 
though every term in the former is greater than 
every corresponding term in the latter series. 
The like will take place in all the parts of the 
series 1 + J+i+i + i, &c. 

10. It is shown by Johan. Bernouli, (Op. 
torn. iv. p. 11, &c.), that if the denominators of 
infinite series of simple fractions are any power 
of the natural numbers, the sum of the odd will 
be to the sum of the even terms, as the same 
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power diminished by unity is to unity. Thur, 
in the series 1 +:^+^+^+-^+^, &c., the sum 
of the odd is to the sum of the even terms as 

• • « 

3 to 1. Thus, too, in the series 1 +i + tV+-5V+ 
rir+Ti-T^ &c*> the ratio of the terms is that of 
7 to 1 . And in the series 1 +^1^ + u- + .^+.^^ 
kc, the ratio is that of 15 to 1. 

This will be found to be indicated by the 

series, of which the above series are the reci- 

1 +1 
procals, as follows : ^^^j^g^^ = 1+4 + 9 + 16 

+26 + 36, &c., and ^Ig^g^i = 14-9 + 25+49 + 

81, &c. Subtract the numerator 1 + 1 from the 
numerator 1+6 + 1, and the remainder is 6. And 
the ratio of 6 to 2, i. e. the ratio of 3 to 1, will be 
the ratio of the sum of all the odd fractional terms 
to the sum of all the even terms; viz. 1 +i+ sV+ 
•iV + -^» &c. will be to i+TiV+^» &c. as 3 to 1. 

Again, 1 Jijiell+i = 1 + 8+27 +64+125 + 

216. &c., i^^l'^^^\ = 1 + 27 + 126 + 343 + 729, 

&c. Subtract, therefore, the numerator 1+4 + 1 
from the numerator 1+23 + 23 + 1, i. e. 6 from 
48, and the remainder is 42. And die ratio of 
42 to 6 is that of 7 to 1, and is the ratio <)f 
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the sum of all the odd fractional terms to the sunt 

of all the even terms ; viz. 1 +VT+TiT+TiT» *:c* 
will be toi+-^+.34^, &c. as 7 to 1. 

Thus. too. .r-i±|i±li±i^= 1 + 16 + 81 + 
256+626=1296. &e.. ^ Jil^^^^^^ = 
1+81 +625 + 2401, &c. Let the less numerator, 
therefore, be subtracted from the greater, and the 
remainder will be 360. And the ratio of 360 
to 24, the less numerator, is that of 15 to 1 ; 
which is the ratio of the sum of all the odd frac- 
tional terms 1+^+.^+.^-^, &c. to the sum 
of all the even terms ^ + -j^+^^iff7, &c. And so 
in all other instances. 

11. In every series of terms in arithmetical 
or geometrical progression, or in any progression 
in which the terms mutually exceed each other, 
the last term is equal to the first term added 
to the second tenn, diminished by the first; 
added to the third term, diminished by the 
second ; added to the fourth term, diminished 
by the third; and so on. And if the number 
of terms be infinite, the last term is equal to the 
. series multipUed by 1— 1. 

Let the terms, whatever the series may be. 
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be represented by ir, b, c, d, e, then a+b-^a + c— 
4 + rf— c+e— i/=:e. 

For a 

+c— ^ 



=:e. 



But if the number of terms be infinite^ viz. if the 
series be a + b+c + d+e+f+g, &c. ad infin.^ 
then this series, multiplied by 1 — 1, will be 

aH-&-f-c+rf+e+/+ff, &c. 
1-1 



o+ft+c+rf-fe+/+^, &c. 
•— fl—-^— c— rf— e— y, &c- 



^a+6— a+c— 6+rf— c+e— d+y'— e+g— y, &c. 

Hence, as this proposition equally applies to 
fractional as well as to integral infinite series, the 
last terms of a great variety of fractional infinite 
series may be obtained ; and in each of these, the 
last term, multiplied by the number of terms, 
will be equal to the sum of the series. Thus, 

a^ =: i— i— -J— iV"" W» ^* is *^^ ^^^ t^™^ ^^ 

the series i.+i»+i+^.-h^,&c. = 2^-p; and -5^ 

X YZU — riTT* ^"^®» *^^' "^ ^^ series i + i 
+W+tV> *^' = 3111^ the last term is .3^, 
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and ^^ X , — T =: ^-^ . And in a similar manner 

v"~X l^"l O"""* 

in all geometrical fractional series. 

Thus, also, in the series i + f + ^-f y +fj. + ff-, 
&c., (see Bonny castle's Algebra, p. 168,) formed 
by the successive sums of the geometrical pro- 
gression i + i+i + i + TF, &c., the aggregate of 
this geometrical series will be the last term of 
T ■*■ 1 + i» *^c- ^^* 1 +i + i + i> &c- is produced 

2 

by the expansion of ^ __ , , and this multiplied by 

1 2 

fzn* *^® number of the terms will be ^^^ j - zz 

4.+i + i + V> &c. Again, the series 1 + i+ V + 
1^, &c. is formed by the successive sums of 
the geometrical progression 1 +i-f ^-f--i-, &c., 
and the aggregate of this geometrical series will 
be the last term of 1 + f + V + ff, &c. But 
1 +T+i+iV> &^» is produced by the expansion 



3 

of J— j; and this, multiplied by the number of 
terms r-^-rt will be the sum of the series in a 

3 

distributed form, viz. will be ^^^ ^ =: 1 + t + V 
+ 14, &c. Thus, likewise, in the series 1 4-^+aj. 
+ |-4+fH> &c., which is formed by the addition 
of the terms of the series l+j. + ^+^+.ji^^ 

&c., the last ternji of it will be 4~t; which. 
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vheo expanded, is the series 1 +i+iV> ^- ; ^u^d 
this, multiplied by the number of tenns j-^-j, will 

be the sum of the series, i. e. will be 7 ;^^ , j 
=z l+4+±| + |^, &c. And the like will take 
place in all other series produced by the addition 
of the tenns of other similar geometrical pro- 
gressions. 

In these series, the difference arising from the 
multiplicatiou of the number of terms t~ZT ^^ 

the expressions -^ ^ — . - , - —, -, A_i\ » a*>d the mul- 
tiplication of the said number of terms by the 
above expressions, in an undistributed form, is 
remarkable. Thus, for instance, - ^ - _ j - x ^ __ ■ ] 
— 2—3+1 » ^^^ *^'^ expanded is the series f+f 
+i+V. Sec. But-j-^ X f =-j^, andthis 
expanded is the infinite series 2 + 24-2 + 2+2, 
&:c. ; and the difference between the two is the 
series l+i+i+i + ^, &c. = 2, Again, -^^^ 
X — _ I — 3^^vt ; and this, when expanded, is 
1+i+V+H, &c. But i x-j^ = 54t = 
i+i+V+i4» &c- =-s- + T+i+i. &c., and the 
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difference between the two is the series ■^+\ + -^ 
+ Jj,&c.=.}=-j^j. Thus, too, ^X-i^n 
~ 4—5+1 ' ^"^ *^'*'' ^^^° expanded, isi + f + 
ii + ii+Ki. &c. But -j-l-f- X i =-3^3 = 4 
4.iy»+.^, &c. = A + -f + ^+^, &c.; and the dif- 
ference between the two series is -i- + 7V+»V+ 
^f-J-j, &c., produced by the expansion of 3-31 = -J* 
Hence, likewise, in every infinite series, whe- 
ther fractional or integral, the terms of which 
have an uninterrupted continuity, the last term, 
multipHed by the number of terms, will beequal 
to the sum of the series. For the last term of 
every infinite series is equal to the fraction by 
which that series is produced, multiplied by 
1 — 1 ; and as the number of terms is ,-3-7. it is 

evident that this last term, multiplied by-^ _ -j, 
will be equal to the sum of the series. It follows, 
therefore, that all infinite series, in ai distri^ed 
form, are to each other as their last terms, viz. as 
the terms which are obtained by multiplying those 
series by 1— I. 

12. The following propositiQns, therefore, . in 
Dr. Wallis's Arithmetic of Infinites, are not true 
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of the infinite series of whole numbers, which 
he there adduces, according to their distributed, 
but according to their undistributed* value, or 
the value obtained from the aggregation of the 
terms by induction, viz. : 

'' If a series of numbers in arithmetical progres- 
sion begin with a cipher, and the common difier- 
ence be 1, if the last term be multiplied into the, 
number of terms, the product will be double the 
sum of all the series. 

" If a series of squares, whose sides or roots 
are in arithmetical progression beginning with, 
a cipher, be infinitely continued, the last term 
being multiplied into the number of terms, will 
be triple the sum of all the series. 

** If a series of cubes, whose roots are in 
arithmetical progression, beginning with a cipher, 
be infinitely continued, the last term multiplied 
into the number of terms, will be quadruple the 
sum of all the series. 

** If a series of biquadrats, whose roots are 



* The di&rence between the distributed and undistributed 
Vftlue of ii]£mte series, was not fully perceived by me when I 
wrote my Elements of ilie Tfiie Arithmetie of Infinites. . 
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in arithmetical progressioD, beginning with a 
cipher, be infinitely continued, the last term 
multiplied into the number of terms, will be 
quintuple the sum of all the series. 

For the number of terms in each of these series 
must be O + l + l +1 + 1+1, ad infinitum, ot^^^, 
as there cannot, in .these series, be a greater 
Dumber of terms than Uiis ; and the continuity 
in each of these series is uninterrupted. In the 
first of these series, therefore, the last term 
willbe^z"! =0+1 + 1 + 1 + 1, &c., and ^X 
|3|-, the number of the terms will be equal 
t*>T^|^= 0+1+2 + 3 + 4 + 5 + 6, &c. In 
the second, the last term will be ^[^^^^ =0 + 1 
+ 3+5+7+9+11, &c.. and ■J±i±-; x ^f , 
the number of the terms will be equal to^ ^t"- ^. 
= 0+1+4 + 9+16+25+36, &c. The last term 
in the third will be |±i±|±{ = 0+l+7+lfl + 
37+61, &c., and ?±i^ X -Jij. the number 
of the terms will be equal to -j-^±i±l±i_ = o + ! 
+ 8 + 27+64+125,&c. And in the fourth the last 
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term will be 1^4^6,4^1 , and 1 ,4^^-4 -hi 
X q-^j the number of the terms, will be 

1—5 + 10-10+5—1 • 

• 13- As when any finite number of terms of 
these infinite series is taken, the last term mul- 
tiplied by the number of terms will by no means 
be equal to the sum of the series, but when 
the series begin from unity, will continually 
diverge from such equality, as will be found 
upon trial to be the case; hence, in infinite 
series, when they are in a distributed form, we 
cannot always reason from the aggregate of the 
parts to the aggregate of the whole, or froiri 
the aggregate oi the whole to the aggregate of 
the parts. 

Dr. Cheyne, not having perceived this truth, 
asserts, in his Philosophical Principles of Reli- 
gion, p. 148, that the series 1+2+3 + 4 + 5 + 6, 

&c., which is an expansion of . _2+l ' ^^ ^^* 

half the square of 1 + 1 + 1 + 1 + 1, &c. the expan- 

1 * i 1 

sion of-j— T, though ^^^.n ^ *^^ square of-j-;^. 

It might be easy to confute this assertion by 
mwely observing^ that if | ,,2+1 ^® ^^ square of 
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YZTi » ^^^ series 1 + 2 + 3 + 4 + 5 + 6, &:c. must h& 
the square of the series l + l + l + T+l, &c.; for, 
if it is not, the algebraic rules of subtraction 
and division are false, and also the common mode 
of multiplication ; and it is strange that any man 
in his senses, who understood the elements of 
arithmetic and algebra, should make such an 
assertion. But, lest some one should still pervi- 
caciously contend that Dr. Cheyne is right, the 
following is a complete demonstration of the 
contrary. 

To multiply 1 + 1 + 1 + 1 + 1, &c. by itself, is 
the same thing, by the fifteenth definition of the 
seventh Book of Euclid, as to add this series to 
itself l + l + l + l + l,&c. times, viz. it will be equal 

to YITT "*■ 1 _ 1 "*■ TTIT "^ T^v ^^* infinitely, 

1+1 + 1 + 1+1+1, & C. _ 1 ^o I Q . ^ . /r . /; 

or to Yin = 1+2+3 + 4 + 5+6, 

&c. This, however, is owing to the wonderful 

nature of the infinite. That the infinite, indeed, 

has a power very different from the finite, was 

not unknown, in some instances, to Dr. Wallis, 

as is evident from the following observation 

ft 
made by him in his Arithmetica Infinitoram, 

pp. 131, 132. " Si series subsecundanorum ali- 
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qucHisque contiauetur, put^ i/0 + i/l + i/2 + i/3 
+ v'4+i/5 + i/6, ipsius ratio ad maximum toties 
positum, put^ 7i/6, non videtur ali^s explica- 

bills qu^ s/O^^X + ^I^^^Z^^^^^^S^^e ^^j 

series supponatur in infinitum continuanda, pro- 
dibit tandem ratio f, vel 2 ad 3, aut 1 ad 1^, 
ut dictum est prop. 53. 54. ipsd quidem infini- 
tate {quod mirum videatur) irrationabilitatem de- 
struente."" 

14. If any infinite series of whole numbers, 
whiefi increase either in an arithmetical or a geo- 
metrical ratio, is divided by 1 + 1, then the sum 
of the first two terms of the quotient will be 
equal to the second term of the series ; of the 
second two, to the fourth term ; of the third two, 
to the sixth term; of the fourth two, to the 
eighth term, and so on ad infinitum. 

Thus the quotient of the series 1+2 + 3 + 4 + 5 
+ 6 + 7, &c. divided by 1 + 1, is 1+1+2 + 2 + 3 
+3+4 + 4 + 5+5+6 + 6, &c. And the sums 
of the couples of terms are 2+4 + 6+8 + 10, &c. 

Thus, too, the quotient of the series 1+3+6+ 
10 + 15+21+28. &c., divided by 1 + 1, is 1+2 + 
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4+6 + 9 + 12 + 16, &c. And the sums of the 
couples of teifms are 3 + 10 + 21, &c. 

In like manner the quotient of the series 1+2 
+44-8 + 16 + 32, &c., divided by 1 + 1, is 1 + 1 
+ 3 + 5 + 11+21, &c. And the sums of the 
couples of terms are 2 + 8+32, &c. 

But if such series are divided by 1 + 1 + 1 , then 
the sum of the first three terms will be equal 
to the third term of the series;, of the second 
three, to the sixth term ; of the third three, to 
the ninth term, and so on. 

Thus, in the series 1+2 + 3 + 4+5 + 6 + 7 + 8, 
&c., the quotient resulting froi)a the division of it 
by 1+1 + 1, is 1 + 1 + 1+2+2 + 2 + 3+3+3 + 4 
+ 4 + 4, &c., viz. is equal to 3+6 + 9 + 12, &c- 
And in the series 1+2+4 + 8+16 + 32, &c. the 
quotient is 1 + 1+2+5+9 + 18+37, &c. which 
is equal to 4+32+256, &c. 

In a division by 1+1 + 1 + 1, the like will 
take place in the sums of every four terms of 
the quotient. 

Thus, in the series 1 +2+3+4+5+6, Sec. the 

quotient will be 1 + 1 + 1 + 1+2 + 2+2+2 + 3 + 3 

+ 3 + 3+4 + 4+4+4, &c. and this will be equal to 
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4 + 8 + 12 + 16, &c. And in the series 1+2 + 4 + 
8+16+32, &c. the quotient is 1 + 1+2+4 + 9 + 
18+34 + 67, &c. which is equal to 8 + 128, &c. 

In a division, also, by 5, 6, 7, &c., unities in 
this distributed form, the like will take place 
in the sums of 5, 6, 7, Sec. terms of the quotient. 

Tbis will likewise be the case in infioit^ series 
of fractional terms. 

Thus, if the series i + i + i + iV+iV + -sV- ^c. 
- =l,,is divided by 1 + 1, the quotient will be 
i- — i+ -1—1*6+ -H—H. &c., equal, when the 
terms. are taken separately, to i+^Jt^ + ^^+^J-j-, 
Slc.zz\, instead of i. 
.If, also, the. series -i- + i-+-sV+*^ + T*-»t &c. 
=^, is divided by 1 + 1, the quotient will be -§-— f 
4.j^_iA+.j*jL^_ii|, Sec. And if the terms of 
the quotient, are taken separately, they will be 
i + -^+Tf5=. Scc-=h instead of i. Thus, too, 
if the series .J.+ Jj.+ ^ + -^ +t^tt, &c. = -J-, is 
divided by I + l, the quotient will be -J— ^ + -|-| 
—■ ^ + -iW*— ^bW. &c- -And the terms of the 
quotient, t^ken separately, will be -ij- + ^^ + 
TsVr. &C'+Tr' instead of,^: for -^ divided. by 
2=i. 
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The following instances also clearly demoa- 
strate the difference between the distributed and 
undistributed value of infinite, fractional series. 

~fi + Tf — M» &c- = if the terms are taken sepa- 
rately l+i + _iy + ^, &c. = li., instead of 2. 

V +fi"~s-i-> &c. = when the terms are taken 
separately 2+^+^+^+^^, &c. = f, instead 

'^*^?|i^-^^^ &o. = 8-y+v-V +, W- 

W + W - ifi^ &c. = f , instead of 41.. ' And 
this quotient 8 — y + V - V + W — W* &c., 
divided by 2—1,, will be 4— i + V— ii + 14— 
W +-rli— fH» &c- = when the terms are taken 
separately j.+i^+^+^^, &c. But this last 

series is equal to "^^^^^^f^"^^, &c. = V, or 3|- 
instead of f , when the terms are separately taken. 
Again, if -j.+i + i+iV+ A + tjV. &c. be divided 
^yi-^h the quotient will be 1— ^+|— ,i-g. + |X-. 
a, &c. = when the terms are taken separately 
i + i^-sV + Thr. &c. = f, instead of 1. And if 
the same dividend be divided by i+i, the quo- 
ticnt will be 2-1 ^f|_|^ + |A-.^, &c. = 1 +-1. 

M 
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-f^+-sV>^c« n l^, instead of L If, also, the 
same diyidend be diyided by i -f 4^, the quotient, 
when the terms am taken separately, will foe 
^¥^ to ^i if by iV+iV^ t^® quotieat will be 
egual to V 5 if ^^y tS^+"3V> *^® quotient wiU be 
equal to V J ^^^ if ^y A + tV» *^® quotient will 

be V- 

Hence, in the first instance, the quotient is 

less than the undistributed value by -1^. In the 

second, the deficiency is equal to -f. In the 

third, to f. In the fourth, to ^. In t|i<i^ 

fifth, to V* And in the sixth, to V« 

If the series 100+i + i + i + -3^+^ + -^, &c., 

be divided by 1 + 1, the quotient will be 100 

&c. Let this quotient be divided by 2—1, as 
in the next page. 
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And it" TJ-+V* +tH< *c. be divided by 1 + 1, 
the quotient will be equal to -^ instead of J. By 
which it appears that the quotients in such 
series continually decrease in a subduple ratio; 
the quotient in the second instance being one 
half of the quotient in the first instance ; the 
quotient in the third being one half of that in 
the second instance ; and so on ad injinilum, when 
the terms of the quotients are collected sepa- 
rately. Hence it follows, that when all the terms 
of the series -J- + -j- + i + iV. &c. are collected into 
one sum, or, in other words, into the expression 
~-^^ , the quotient arising from this expression, 
divided by 1 + 1, will be equal to 0, when the 
terms of the quotient are taken separately ; and 
this is evident from what follows : 



) 2-1 U-1 2-1"*" 2—1 2-l'"*^' 
2—1 ^2— 1 



2 — 1 

_J ^__ 

"2-1 2 — 1 
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= i+i+-h+Th' &c- = h instead of H- 

1 + 1) 3+i+i+i+T»,+^,&c. c3_4+V-V+4i-||. 

«c. = i+i+^, &c., = I, instead ot 2. 

In like manner, the quotient of 4+^+^+-^ + 
^, &c. divided by 1 + 1 , will be f , instead of 2a. 
And this will be the case whatever whole numbef 
is added to the series J-+J-+-|-+-j2^, &c. when the 
series, with such addition, is divided by 1 + 1. 

But if each of these quotients be divided by 
2—1, the sum of each of the new quotients, when 
the terms are taken separately, will be greater 
than that of each of the former quotients. Thus, 
2-1) 2_|+j_>^+4j-j5+vy-fi|, &c. (i-i+4- 

tV+H-H. *<=■ = i+-^+^+-s^. *c. = H, instead of J. 

2-1) 3-^+v-v+ii-f4.&c- a-i+if-ij+M-H 

And so on in other instances, in which it will 
be found that the sum of each succeeding will 
be greater than that of each preceding quotient, 
though the sums of the dividends are equal to 
each other, and the divisors are every where the 
same. 
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-2) I + 1 + 1 +1+1+1, Ac. (^+J + H+M+Hi'*^- 

1-^ instead of 1 + 1 -i- 1 + 1 + 

, 5 , J I, Sec; from wbichseriea 

+4_ui it differs by the series J + 



4-3; 1+1 + 1 + 1+1 + 1, &c. (i+A+H+Hg+TWi-**:- 
iiiBteadof l + l+l + l+l,&c.; from which series it differs by 

the aeries |+:^+H+^.*c- = j^ = 3- 

5-4) 1+1+1+1+1+1, &c. i+^+-?h+m+mi' ^^■. 

iastcad of 1+1 + 1 + 1 + 1, Sic; from which scries it differs 
by the series J+^+^+g|J, fc. = ^A_= 4. 

6-6) 1 + 1 + 1+1+1+1, &c. (^+^+3%+.jVB^+^i, 
&c.In8teadofl + l +1 + 1 + I,&c., from which series itdiffen 

by the series J+H + m+-^rsV.&<=- =6rr5 =5- 
2-1) 1 + 1 + 1 + 1 + 1. ic. (i+|+i+iJ+JJ,&c. instead of 
1 + 1 + 1 + 1 + 1 + 1, *c.i from which series it is deficient by 

the series -J+l-+|+-^+-^, &c. = 1. 

3-1) l+l + l+l + l+l+l,&c. (i+^ + w+j^. Sec, 
• ■ instead of i+J+-i.+J., 

&c., from which series 
it is deficient by the 
series i.+^ + jly+ 
-.i J, &c. = i. 



4-1) 1+1+1 + 1 + 1, &c. (i+.^ + H+ififtr-*'^- '"Stead of 

1-^ i+i+i+|, &c., from which 

— TT+Tf series it is deficient by the series 

+i— ^ iV+Vfl+Tir+TH. «<=■ = i- 







+}i + l, &c. 
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5-1) 1 + 1+1 + 1 + 1+1, &c. (^+^+^+ffJ, &c. instead 
1 — j- ofi-f^+i+^-,&c., from which 

+4+1 series it is deficient by the series 



The difference between the two aeries, when the 
divisor is 6— 1, will be -^ ; when it is 7 — 1 , ^ ; 
and so on ad inJin'Uum. 
Again, 



i-i+*— fif+H-fi. &c.) I (2 + 1-1 



jf , &c. 






But if the divisor, by taking the terms sepa- 
rately, is the same as i-l-fs- + -BV. ^c. = J3, the 
quotient ought to be 3, instead of 2 + 1 ~ 1 . 

If the series i-x+-|—-j5j+ii—H.&c., which, 
when the terms are taken separately, is equal to 
\, be multiplied by J-, it will become J— ^-1-^ 
_^ + i_L— -!Lu, &c. Let then 1 be divided by 
this, as below : 

+*-H-A-M+H.to. 



And the quotient wUl be 4, instead of 6. 



-~^jV» *c- ; and if it divides 1, th^ q^jotient will 
be as below : 






And will be 6, instead of 9. 

i^+i-^44*-4^^>i+i+i+TV+A+Ar.&c. (1+1 



Here the quotient is 1 + 1, instead of 3, and 
instead of 2 + 1 — I, which il» the quotient when 
the diridend is 1, instead'ofi+i+i + iV> &c-. 



Here the quotient is 2 + 2, instead of 6, and' 
instead of 4+2— 2, which is the quotient when 
the dividend is I, ipgtead of ^ + i + i + iV + iV> l^^* 

It wilt mcevrisie^ ha ftmnd, that whatever whole 
number^ is>. jMF^xqd. ta the series i+i+i + TV + 
•3V"t?A»» ^.'t. the series, with the whole number 
so prefixed, will always produce, when it is 
divided by 1 + 1, a quotient, the aggregate of the 



tdhns 6f Nirhtdi) ^;(rfa|fti tiwy aTe taken separately, 
will be equal to f; 

15u In the infinite series 1+2+3+4 + 6+6, 
^c, ttie ctistribiited value of all the odd exceeds 
the distributed value of all the even tertns by the 

fraction -jip-. 

For the infinite series of odd terms 1+0 + 3 + 
+ 5 + + 7, &c., is produced by the expansion of 

14-0^2+04-1 ^ *^^ '^^ infinite series df eteti tenuis 
+ 2 + + 4 + + 6 + + 8, &c. is produced by 

the expansion of r — q J-4-04-1 * ^^' *^^ diflRerence 
between the latter and the former of £hesie ^ipi^i- 

sions is .| . q_2+0+I ' ^°^ *'^^®» ^y dividing both 
the numerator and denominator by 1—2+1^ will 

be equal to jip^. 

Again, in the infinite series of triangular num- 
bers 1+3 + 6 + 10 + 15 + 21+28, &c,, produced 

by the expansion of 1^3 < ^^.^ » the difference 
between the dislrikiUti irAxy^ of the tertna 1^+04^ 
6 + + 15 + + 28 + + 45,&c., and theA'rfriiirferf 
value of the terms + 3 + 0+10 + + 21 +0+36, 

&c. is the fraction ^ . 3 ,3 . | - For the terms of 
the former seriei^ a^ produced by the 6xpansioA 
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of i . Q_3 . Q . 3 . Q_p and the terms of the latter 
by the expansion of ^^^^^^^^^^^^^ ; and the 
diflference between the two is — + — 



14.0-3+0+3+0— P 
which, by dividing both the numerator and deno- 
minator by 1—3 + 3 — 1, is equal to ^ . 3 . 3 . ^ « 

But in the infinite series 1+4 + 10 + 20 + 
35 + 56, &c., produced by the expansion of 

1^44-6—4+1 > *^^ difference between the aggre- 
gate of the terms 1 + 10 + 35 + 84, &c., and the 
aggregate of the terms + 4 + 20+56, &c. is 

1 4-44-6+4+1 • ^^^ ^^^^ ^^ appears that the^ dif- 
ferences between the aggregates of the alternate 
terms in the series produced by the expansion 
of the square, cube, biquadrat, &c. of the ex- 
pression -y—y, proceed in a geometrical ratio, 

being ^, i, i, -^^ Sec. It is also remarkable that 
the denominators of these fractional differences 
consist of the same numbers as the expressions 
from which the above infinite series are produced. 

For the expressions are ^ _ 2 + 1 » 1 _3 4-3^i > 

and the fractional differences are 



1— 4+6— 4+P 
1 1 



14:2 + 1' 1+3+3 + 1, 1+4+6+4 + 1- . 
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] 6. Though in finite numbers one square can- 
not be found double of another, yet this can 
be eflfected in expressions which, when ex- 
panded, produce infinite series of whole numbers. 

Thus, for instance, as the expression -^^^^^ is a 
square ; for it is equal to , X , _ . ; so like- 
wise |_2+i » *^® double of it, is an infinite 
square. For this expression, when expanded, 
gives the series of odd numbers 1+3 + 5-^-7+9 
+ 11, &c. ; the sum of any number of which 
terms is a square, and therefore the sum of 

all the terms is a square. Hence the infinite 

1 l + i 1+2 + 1 4+4 

series i_2 + i *^ i-2 + i + i-2+i "^ i-2+l "*■ 

nite series of squares double of each other. For 
a square multiplied by a square produces a 

square ; and therefore - ^_2+i ^^^^ ^^ ^ square 

double of the square ^_2.i-i » because the nume- 
rator l-f-2 + 1 is a square, and is the double of 

the numerator 1 + 1 . Again, ^_2^,i ^^ ^ square, 
because it is equal to ^_24.i ^ ^ y ^^^ therefore 
1^2+ 1 > which is a square multiplied by 4, will 



1-2 + 1 
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be equal tOTnJiiJ aod which, consequently, 
will also be a square. In like manner, 

square, and therefore -,— s-ri 

will likewise be a square ; and so of the rest. 

In this series it is remarkable, that of every 
two squares, taken in their natural order, the 
root of the first only can be exactly obtained. 
Thus, of the squares ;__^ --^ 1 — 2 +r '^^ ^°°' "^ 
the former, but not of the latter, can be obtained. 
This is also the case with tbe squares . ■ 2. -]. 

Tz JU ' + i > ^^^ ^ °^ ^^^ *^^ ^^^^' ■^'^^ though the 
root of the first only of two such squares can be 
obtained, yet, on the contrary, the root of the sum 
of any number of the terms of which the second of 
these squares consists may be found ; but this is 
not the case with the sum of any number of the 
terms of the first of these squares. Thus the terms 
of the square -frlxi ^^e 1+3+5+7+9, &c. ; 
and it is evident that tbe sum of any number 
of these terms is a square whose root can be 
found. But the terms of tbe square r _2 1 i ^re 
1+2+3+4+5 + 6, &c., and it is evident that 
this will not be the case with these terms. 
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l}QCSiy^ not every niimbei! e£ tben is^ a squaare. 
Tbus^ ti>o^ thft termft o£ the sq^ar^ ^^^^^ are 
4^-12 + 20+28^ &c., the noot of the smn oSzasf 
of whkilL terms^ mfiy b« Qfataiaedi; bat tJus iSr 
not the case with the terms of* the square 1:^2X1 • 
for- Aese are 1- + 4 + &»+ P2, Stc. And so of the 
rest; 

17. Ih the First Boot (parag. 21) it has beenp 

observed, that the series , ^ + - ^ ^ . + r— ^ + 

TsT+Tir+TiT* &c^»t ^ ^ seriesk discovered by 
IaxA Btrouiicfcer) foi^ tbi^. quadrature of the hyper- 
bplit. Ifi thecefprei eiEtehf tearm^ofitfaift series after 
tke &F^t t^m is doublad,. Um seriedr wiU become. 

sen^i, th^; Sixe^, termi exccqated^ conaidtfr of halfi 

th^r term^ of the aeriea of triangular refiiprocdsi 

i:^*i4riV-+'?t+^ + -3'^+-3^i' *c,„ as: ia^ evident^. 
ff^m. ioapection^ And tb^ expressicm;.. by ib^: 

&c^ imaua^t)i& series, i +^ -f.^ +^ &o..i8p:iuKH» 
4\lC^d^ ifk, according U>> osxx method of notati<nv> 
n^ ^ j^. • FoJ^ the series, L +. ^+^^+^g_+ 
^ &a„ added to the series i +i^ +:-^ + ^„&c.„ 
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is equal to the series 1 +x 4.^+^4. _i^-f.-L-, &c. 
= 2. But ^ • : = f ; and therefore the dif- 
ference between 1 +^ -f ^ -h ^, &c. and i -f iV + 
-5*57 -f-gV* &c., is incommensurably f . The sum, 
however, of these two series is equal to 2, i. e. to 
-§-. Hence the former of these series is incom- 
mensurably ^, and the latter is f. Hence, too, 
^+iV+^» ^^- is incommensurably \. But this 
series is the double of ^ -f ^ + ^^V + W> ^^-^ ^^^ 
consequently this latter series is equal to ^. The 
series, therefore, I+iV + tV+iV^ &^- ^^ incom- 
mensurably equal, to ^ + -|^ = ^ = f . 

18. It appears, from induction, to be universally 
true, that in all infinite series, produced by the 
expansion of expressions that have severally 
unity for their numerator, and unity connected 
by the affirmative sign with a simple fraction for 
their denominator, the sum of the terms con- 
nected with the affirmative sign will be to the 
sum of the terms connected with the negative 
sign, as the denominator is to the numerator of 
that simple fraction. Thus in the series 1— i + i 
—^ -h^— iV» ^c-* produced by the expansion of 

y-— T, the aggregate of l+i + ^i^ + ^T. &c. is 

• 2 

to the aggregate of i+i+V^+^J-^, &c. as 2 to 1. 
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Thus, too, in the series 1 — ■^+-^ — ■aV+iV — T4T» 

sum of i + ^ + .5-L_, &c. as 3 to I. And so in 
all other similar instances. 

This likewise appears to be the case with frac- 
tional infinite series, whose aggregates are the 
same as those produced by the expansion of such 
expressions as the above, though the ^ries them- 
selves are not produced by such expressions. 
Thus, from what we have above shown, the ratio 
of the terms with the aiErmative sign is to the 
ratio of the terms with the negative sign in the 
series 1— 1+^— Vu-+-iV, &c., as 4 to 2, i. e. as 2 
to 1 ; for the sum of the former is \, and of 
the latter f. And these are also the sums of 
the terms with the aflSrraative and negative signs 
in the series 1— i + i— i+iV~-3V> &c. Thus, 
too, the sums of the two series 1— i+i— T6" + -ijV 
— jL, &;c. and 1— i+i— ^ + A— Trri &c., are 
the same; for each is equal to f or \. And 
in each the sum of the terms with the affirmative 
sign is \, and of the terms with the negative sign 
is \; and therefore the ratio is that of 3 to I. 
And thus also the sums of the series 1— ^+-iV~ 
ry, &:c., produced by the expansion of 
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j-q-^, and of the series l— i + u-—^4-_a_, &c., 

are the same, each bemg* equal to ^. And in 
each the sum of the terms with the affirmatiye 
sign is V, and of the terms with the negative 
sign is ^; and consequently the ratio is that 
of 7 to 1. 

19. As ^^3 . 3_2 is, when expanded, the infi- 
finite series of triangles, l+3-h6 + 10 + 15 + 21, 
&c. ; and as ^^^ ^^^ gives the infinite series of 

1+2 

squares, 1 + 4 + 9 + 16 -f 25 -f 36, &c. : so j_3T3_x 
will give « the infinite series of pentagons, l-h6 + 
12 + 22+35, &c.; j_3^g_^ the infinite series of 

hexagons, 1 + 6 + 15 + 28 + 46 + 66, &c. ; ^_3^3_| 
the series of heptagons, 1 + 7 + 18 + 34, &c.; 

1 -4-5 

1^34-3—1 *^^ series of octagons, 1+8 + 21+40, 

1+6 

^^' J i— 3-L3— 1 *^® series of enneagons, 1+9 + 24 

1 +7 

+ 46, &c.; and |_3 . 3^^ the infinite series of 
decagons, 1 + 10 + 27 + 52 + 85, &c. Hence it fol- 

If 

lows that infinite series of polygonous numbers 
will be to each other in the ratio of the natural 
series of numbers, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, &c. 

20. The fractional reciprocals also of these poly- 
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goDous numbers will be to each other as 1 , ^, -1^, 
h h i> h h h iV> &c., as is evident from our 
method of notation. For ^_ , , when expanded, 
is 1 + . 1 +n +*1 +n +*1 +n, &c. = 1 +i + i-f 
3V+Tr"^"2V> ^^'^ *^^ triangular reciprocals; 

Y^is 1 H-n -^n +n -hn, &c. = 1 H-^+x^-u^-i- 

iV + iV* &c,, the reciprocals of the squares; 

^j isi+n+n+n+^i, &c. = i+f+^+A 

+ iV> &c- th® pentagonal reciprocals; yi-T ^® 
l+n+«l+^l+^l, &c. rr 1+^ + ^ + ^ + ^ + 
^, &c., the hexagonal reciprocals ; ^ ^^^ is 1 + 
n+«>l4-^l+«*I, &c. = l-^^^^-^^, &c., the 
heptagonal reciprocals ; yUi ^^ 1-^-^1 +^*1 4-^1 + 
**1 +*^1, &c. = 1 -f-i4-^ + TV> &c. the reciprocals 
of the octagons; yz?T is 1 +^1 +'n +'H -f **^1, &c. 
= l+i+aV + T^* &c. the enneagonal recipro- 
cals; and-y^j is l+n-h^n-h^l-h'n, &c. = 1 
+ TV■^■2V^-rF + Tr> &c., the decagonal recipro- 



cals. But 



1 



i-.l 



= 1 + 1; 






1 1 • 1 1 . ^ 1 1 . — 1J.« . , 

^T > I «_♦! — "*" ' I — *J — ^ ' 1 —•1 "• ^ 6 > TZ?i 
iz I^r; and ^ i^si = H- Air these fractional re- 
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ciprocals, however, are incommensurable quan- 
tities in their aggregates : for the expressions, by 
the expansion of which they are produced, are 
less than the aggregate values of the series. 

21. In the following instances the numerators 
of the expressions which, when expanded, pro- 
duce infinite series, have a variable value : 

\~= 1+3 + 6 + 12 + 24, &c.-i-t2 = ■§■ + 3 + 
6-I-12-J-24, &c. 

]^= 1+4 + 12 + 36 + 108, &c. j4-3 =4 + 4 
+ 12+36 + 108, &c. 

\z^= 1+5+20-1-80 + 320, &c.j^ =i + 5 + 
20 + 80+320, &c. 

And so in other instances ad infinitum, such as 
TZIh TUfi' ^^' Hence it appears that 1 + 1, in 
these instances, has a variable value; and that 
when it is the numerator of the expression pro- 
ducing the series 1+3 + 6 + 12+24, &c., it is 
equal to ^-, an infinitesimal excepted : for f is but 
an infinitesimal of this series. In the expression 
j-^, 1 + 1 is equal to ^, an infinitely small part 
of the series 1 + 4 + 12 + 36 + 108, &c. excepted : 
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for such is f . In the expression -r^^, 1 + 1 

is equal to f, an infinitesimal excepted: and 
so on. 

The expressions, also, which produce the frac- 
tional reciprocals of these series, will be 2I.1 ^ 

X -L. JL 4- -i- 4. >1« A-r — — — X J I U -L- 4. ' 1 

3 ^ 6 ^ T7 ^ 2t9 ccy-'f '3—1 — 4: ^ 12 ^ TT ^ ToTy 

&c., and-j-^ = j. + ^ + ^+-^, &c. And as 
1"^^" ^^ *^ 1^2 * ^^ ^® 2 — 1 *^ 2 -- 1 • Likewise, 



as 



i 



l-3*l-3'*3 — 1"3-1* 

a a a •* 



And as 



i 



similar instances. 



1—4 

And so in all other 



Again, 
j^= l+4-h8 + 16-h32, &c. 

\^= 1+6 + 15 + 45 + 135, &c. 

1+2 



1—4 



= 1+6 + 24 + 96 + 384, &c. 



^ = 1^ + 4 + 8 + 16 + 32, &c. 



1—2 
5 



1—3 "" » 



= 4 + 6 + 15 + 45 + 135, &c. 



ji^ = ^ + 6+24 + 96 + 384, &c. 

Here 1+2 is variable, in the same manner as 
1 + 1 in the former instances. 
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The expressions, likewise, which produce the 
fractional reciprocals of these series, will be, 

3_1 — 6^15^46^1 3d> "'^* 



fi — 1 ,1. 1 _j_ 1 _l_ 1 

4^1 — T T^ 2 4 ^ 96 ^T84> 



&c. 



And the analogy between these reciprocals, and 
the series of whole numbers of which they are the 
reciprocals, will be the same as in the former 
instances. 

It is remarkable, in these expressions, when 
the numerators are 1 + 1, 1+2, 1+3, &c,, that 
the fractional numerators, to which the integral 
numerators are equivalent, are produced inva- 
riably as follows : Add the second term of the 
integral numerator to the second term of the 
denominator, and the sum will be the numerator 
of the fractional numerator, and the said second 
term of the denominator wiU be the denomi- 
nator of the fractional numerator. 

Thus, in the expression y~2' which is equi- 
valent (an infinitesimal excepted) to r^y 1 + 2 is 
equal to 3, the nuinerator of f ; and the 2 of 1—2 
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1 4-1 

is the denominator of f . Thns, too, in -hIq, 

which is equivalent to jzTs* ^^ numerator 4 is 
equal to 1+3, and the denominator of it is the 3 
of 1—3. And so of the rest. 

In the following expressions also the nume- 
rators will be found to be variable, viz. 

S. ^. T^. T^J. ^■. »<• to !« «l.i™l-' 



i 



i 



to j-f^, j-3-2, jzTv r^r2> ^^' ^^^ **^® ^^^' 

logy, with their fractional reciprocals, will be the 
same as in the preceding instances. 

The like will also take place in the following 
instances : 



2-1 
1-2 

3-1 
1—2 

2-1 
1—3 
3-1 
1—3 



= 2 + 3 + 6 + 12 + 24+48, &c. 
= 3 + 5 + 10 + 20 + 40, &c. 
= 2 + 5 + 15+45 + 135, &c. 
= 3 + 8 + 24 + 72 + 216, &c. 



For these will be equiyalent, an infinitesimal 
excepted, to 

-^— =: f + 3+6 + 12 + 24, &c. 



1 -2 



^^—= -I- + 5+ 10 + 20+40, &c, 



1 -2 
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^-f^ = ^ + 5 + 15 + 45 + 135, &c. 
j^^^= -§- + 8 + 24 + 72 + 216, &c. 
Their fractional reciprocals also will be, 
r3T=i + i + A + A. &c. 

f-rr = i+To + A+ A. *":■ 

3^ =i + TV + A + TiT. *=• 

3^ = i + -lV + TV+,TT. to- 
ll is remarkable of the numerators in these 
instances, f, f, f, kc, that 3, 5, and 8, Sic, 
are the second terras of the series 2 + 3 + 6 + 
12, &c., 3 + 6 + 10 + 20, &c., 3 + 8 + 24 + 72, &c. 
And in the last place, in the following in- 
stances the variableness of the numerators is 
manifest : 

f5i= l+i + 3+6 + 12 + 24, &c. 

j^ = i + f + 3 + 6 + 12, &c. 



; t+i+++T 



l-t _ 



= 1 +-S-+ V + V° + V + ¥. &c. 
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* - 



2-1 

Lui 

1—2 

i 

1—2 

8 

T 

_i_ 

1-3 
3-1 



= l+i + V + V(=7)+14 + 28, &c. 
= i+i+V+7 + 14, &c. 
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The following particulars arespasting infinite senes^ 
amicable fuid perfect nutoliers, ^., ai^ J believe, 
for the most part entirely new; and for this 
reason^ and also because I am persuaded tliey 
will not be deemed by mathematicians to be 
lininter^ting, they are inserted as an adjunct 
to t3m elementary work. 



1. The series 



+ - 



1.2 ^ 2.3 ' 3.4 • 4 . 5' 

&c. = i-hi-f-iV+fiV. &c. = 1. For, by multi- 
piying each of the. terms by 2, the denominator 
of the first term, we shall have f+f + ^ + ^, &c. 



I 



I 



1 



2.3.4 



3.4.5 



2. Again, -j--y— 3 ^ 

4.5.6 "*" 5,6.7' ^^' = i + -^ +--6V + T«T + 

^3^, &c. = i. For if each of the terms is multi- 
plied by 6, the denominator of the first term, 
the series ^+^^^-^.^ + ^, &c., will.be 

produced, = 1 +i + J^ + ^-f'5V* &c, = i; and 



3. Thus, too, 
1 
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'— + 


°' 1.2.3.4 ' 2.3 


1 1 


-g, &C. = 


4.5.6.7 ' 5.6.7 


^'rh+^^> &c. = -iV- 


For, by 



3.4.6.6 

multiplying each of the terms by 24, the deno- 
minator of the first term, we shall have the series 

H + i¥o+^jV+-g4V+T4i<r> Sec. = l+i+iV + 
■jL+yg^, 8cc. =^; and the -^V of ■f = r^ — iV- 



4- -Again, 1 .2.3,4,5 + 2. 3.4.5.6 + 



1 
1 1 



3.4.5.6.7 ^ 4.5.6. 

+TiW+TtW> &c. = -^. For, by multiplying 
each of the terms by 120, the denominator of the 
first term, the series 1 +.^.+.5^ + .^^, &c. will be 
produced = ^ ; and the -^ part of .f = -^^ 

= ^. 

5. And the like will take place ad infinitum, in 
all the series whose denominators are produced 
by the multiplication of the terms of the natural 
series, 1.2.3.4.5.6, &c., conformably to 
the preceding instances. 

6. Farther still; if each term of the series 
2—4- +T~6 +"6—8 + FTTO' Scc. = i + ^ + 
iV + iV) &c. is multiplied by 8, the denominator 



of the first term, the series will become 1+-J-+ 
i+-^, &c. = 2; and therefoit \+-^+-^, &c. 

7. Again, if each terra of the series ^ — g + g — -g 

&c. is multiplied by 18, the denominator of 
the first term, the series will become l+i+i + 
^+-^, &c. =r 2; and therefore the series Jg-4- 
_!j.4-_j^ + ^^, &c., will be equal to ^ = ^. 

8. If also each term of the series ^ — g- + -g — j^ 

+ 12 . 16 + TFTTo' ^^- ^^ "multiplied by 32, the 
denominator of the first term, the series will be- 
come 1 +T + i + -nr + -iV) *c.; and, consequently, 
^+Vt + Tir- &c. = ^ + -8^2 + r^^Q, Sec. 
will be equal' to -^ = -ji,. 

And in all similar series, each term being mul- 
tiplied by the denominator of the first term of 
the series, will produce the series l-f-|-+i-t-jV+ 
^, &c. It also deserves to be remarked, that 
the aggregates of the several series will be the 
series i+i + tV+Vs-* ^^■ 

9. lamblichus, in his treatise On the Arith- 
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metic of Nicomachus, observes, (p, 47,) " that 
certain numbers were called amicable * by those 
who assimilated the virtues and elegant habits 
to numbers." He adds, " that 284 and 220 are 
numbers of this kind ; for the parts of each are 
generative of each other, according to the nature 
of friendship, as was shown by Pythagoras. For 
some one asking him what a friend was, he 
answered, another I, {m^of lyu) ; which is demon- 
strated to take place in these numbers." And 
be concludes with informing us, " that he shall 
discuss, in its proper place, what is delivered by 
the Pythagoreans relative to this most splendid 
and elegant theory." Unfortunately, he has not 
resumed this subject in the above-mentioned 
treatise, nor in any work of bis that is extant; 
and the only writer I am acquainted with, who 
has written more fully concerning these numbers, 
is Ozanam, who, in his Mathematical Recre- 
ations, p. 15, observes of them as follows : "The 
two numbers 220 and 284 are called amicable ; 



* Se« my Theoretic Arithmetic ; in which the reader will find 
many other interestiug and novel particulars respecting numbers, 
besides what are contained in the following pages. 
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because the first, 220, is equal to the sum of the 
aliquot parts of the latter, 284, viz. 1+2+4+71 
+ 142 = 220; and reciprocally, the latter, 284, 
is equal to the sum of the aliquot parts of the 
former, 220, viz. 1+2 + 4 + 5 + 10 + lH- 20+22 
+ 44 + 55 + 110=284. 

" To find all the amicable numbers in order, 
make use of the number 2, which is of such 
a quality, that if you take 1 from its triple 6, 
from its sextuple 12, and from the octodecuple 
of its square, viz. from 72, the remainders are 
the three prime numbers 5, 11, and 71 ; of which, 
5 and 1 1 being multiplied together, and the pro- 
duct 55 being multiplied by 4, the double of 
the number 2, this second product, 220, will be 
the first of the two numbers we look for. And 
to find the other 284, we need only to multiply 
the third prime number 71 by 4, the same double 
of 2 that we used before. 

" To find two other amicable numbers, instead 
of 2 we . make use of one of its powers that 
possesses the same quality, such as its cube 8. 
For, if you subtract an unit from its triple 24, 
iTom its sextuple 48, and imm 1152, the octo- 
decuple of its square 64, the remainders are 
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the three prime numbers, viz. 23, 47, 1151; of 
which ithe two first, 23, 47, ought to be multiplied 
together, and their product, 1081, ought to be 
multiplied by 16, the double of the cube 8, in 
order to have 17296 for the first of the two 
numbers demanded. And for the other amicable 
number, which is 18416, we must multiply the 
third prime number 1151 by 16, the same double 
of the cube 8, 

" If you still want other amicable numbers, 
instead of 2, or its cube 8, make use of its square 
cube 64; for it has the same quality, and will 
answer as above." 

Thus far Ozaniam. But the two amicable num- 
bers produced from 64, which he has omitted 
in this extract, are 9363584 and 9437056; and 
the three prime numbers, which are the re- 
mainders, are 191, 383, and 73727. 

10. In the arithmetical series 1 4-2 + 3-I-4-F5, 
&c^, when the number of terms is even and 
finite, the sum of the two middle terms, multi- 
plied by the number of terms, is equal to twice 
the sum of the series. Thus in four terms, 3 + 2 
= 5 and 5x4 = 20, which is the double of 10, 
the sum of the series. 
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1+24-4 



^+1 




11. In the geomet^ 
+ 32, &c., when thi 

the sum of the seri/ ^ 

to the double of tl 
of 1+2 + 1 is the 
+ 4 + 1 is the doul 

12. In the geometrical series 
81, &c., the triple of the last term exceeds the 
double of the sum of the series by unity. Thus, 
in two terms, the triple of 3, i. e. 9, exceeds the 
double of the sum 1+3, i. e. 4 by 1. Thus the 
triple of 9, i. e. 21 y exceeds the double of the 
sum 1+3 + 9, i. e. 13 by 1 ; and so of the rest. 

13. In the geometrical series 1+4+16 + 64 + 
256, &c., the quadruple of the last teri)i exceeds 
the triple of the sum of the series by unity. 

14. And in the geometrical series 1+5 + 25 + 
125 + 625, &c., the quintuple of the last term 
exceeds the quadruple of the sum of the series 
by unity. 

15. Again, in the series 1+2 + 4 + 8 + 16, &c., 
when the number of terms is finite, the last term, 
added to the last term less by unity, is equal 
to the sum of the series. Thus 2 added to 2, 



/ 
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tlie three ^ 1 + 2 ; 4 added to 4, less by 1 = 1 + 
which ^ &c. 

tog^ In the series 1+3+9+27+81, &c., if 
flfiity is subtracted from the last term, and the 
' remainder, divided by 2, is added to the last 
term, the sum is equal to the sum of the series. 
Thus 3-1 = 2 ; this divided by 2= 1, and 1+3 
: 4 = the sum of the two first terms; 9— 1 = 8, 
and 8 divided by 2 = 4, and 4 + 9 = 13 = 1 +3 
+ 9, &c. 

17. In the series 1+4 + 16+64 + 256, &c., if 
unity is subtracted from the last term, and the 
remainder, divided by 3, is added to the last 
term, the sum is equal to the sum of the series. 

18. In the series 1+5+25 + 125 + 625, &c., 
if unity is subtraced from the last term, and the 
remainder, divided by 4, is added to the last 
term, the sum is equal to the sum of the series. 

19. In the geometrical fractional series 

i+^+i + sV. &c. 

the last term, multiplied by the sum of the deno- 
minators, is equal to the sum of the series, when 
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the number of tenns is finite. Thus ^ X 1 + 2 4- 4 
+ 8= V» the sum of l+x + i+^. Thus^+1 
+ 3 4-9 4-27 = 1^ ; and so of the rest. And'4his 
will be case whatever the ratio of the seri«s^ 
may be. 

And in the first of these series, if unity be 
taken from the denominator of the last term, 
and the remainder be added to the denominator, 
^the sum arising from this addition, multiplied 
by the last term, will be equal to the sum of the 
series. Thus 8— 1 = 7 and.7 4-8=i 15, and ^X 
15 = V, the sum of, the series. . In the second 
of these series, if unity, be subtracted from the 
denominator of the last term, 1 the remainder be 
divided by 2, and the quotient be added to the 
said denominator, the sum, multiplied by the last 
term, will be equal to. the sum of the series. 
In the third series, after the subtraction, the 
remainder must be divided by 3 ; in the fourth 
by 4 ; in the fifth by 5 ; in the sixth by 6 ; and 
so on. 

20. In the series 1 4- 1. 4- ^ 4- -l 4- ^, &c., which, 
infinitely continued, is jequal to 2, an infinitesimal 
excepted, if any finite number of terms is as- 
sumed, jthen, if the denominator of the last term 
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be added to the denominator of the term imme- 
diately preceding it, and the sum of the two 
be multiplied fay the last term, the product will 
be equal to the sum of the series. Thus in two 
terms, l+3Xi:=-|^— the sum of 1 + i. If there 
are three terms, then 3 + 6Xi ^ ^= 1 +i+i. 
If there are four terms, then 6 + 10 XyV = if — 
l+i + i+iV; and so of the rest. 

If the half of each term of this series is taken, 
so ab to produce the series i + i+^^+Vo+Vo. 
&c., then the half of the sum of the denominator 
of the last term, and the denominator of the term 
immediately preceding the last, multiplied by 
the last term, will be equal to the sum of the 
series. If the third of each term is taken, the 
sum of the two denominators must be divided 
by 3. If the fourth of each term is taken, the 
division must be by 4 ; and so of the rest. 

21. If the half of each term of the series 1 +^ 
+T+i + ^» &c. is taken, so as to produce the 
series ■L + ^-l-i + -jL + ^j &c., and if the sum of 
the denominators is divided by 2, the quotient, 
multiplied by the last term, is equal to the sum 
of the series. Thus, "*" "'^ - x J = i^ + 1 + ^, 
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2+4+8 + 16 



rest. 



1 6 



= T + i+i + T6> and SO of the 



But if the third of each term of this series 
is taken^ the divisor must be 3^ if the fourth 
is taken^ the divisor must be 4 ; if the fifth, it 
must be 5 ; if the sixth, 6 ; and so on. 

22. Imperfectly amicable numbers are such as 
27 and 36, 39 and 55, 65 and 77, 51 and 91, 95 
and 119, 69 and 133, 115 and 187, 87 and 247. 
For the parts of 27 = 3 X 9 are 1, 3, 9, the sum of 
which is 13; and the parts of 35=5x7 are 
1, 5, 7 ; the sum of which is also 13. 

The parts of 39 = 3 X 13 are 1, 3, 13; and the 
sum of these is 17. And this is also the sum of 
1, 5, 1 1, the parts of 55 = 5 X 1 1. 

The parts of 65 = 13x5 are 1, 5, 13. The 
parts of 77 are 1, 7, 11 ; and the sum of each 
is 19. 

The parts of 51 = 17X3 are 1, 3, 17. The 
parts of 91 = 13 X 7 are 1, 7, 13 ; and the sum of 
each is 21. And so of the rest. 

The sums of the numbers, from the multi- 
plication of which these imperfectly amicable 
numbers are formed, are 12, 16, 18, 20, 24, 26, 
28, 32 ; of which the first differs fi^om the second 
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by 4t, the second from the third, and the third 
from the fourth, by 2. And again, the fourth 
differs from the fifth by 4, the fifth from the sixth 
by 2, the sixth from the seventh by 2, and the 
seventh firom the eighth by 4. Hence the dif- 
ferences are 2, 2, 4, 2, 2, 4 ; and so on ad in/in. 

Numbers of this kind are not noticed by any 
writers on arithmetic that I am acquainted with. 
I call them imperfectly amicable numbers ; be- 
cause, in two perfectly amicable numbers, the 
aggregate of the parts of the one is equal to the 
other ; but in these the aggregate of the parts 
of one number is equal to the aggregate of the 
parts of the other; but the sum of each is less 
than the whole number* In perfectly amicable 
numbers, therefore, the parts of the one embosom, 
as it were, the whole of the other ; but in these 
the parts of the one do not embosom the whole, 
but only a part of the other, because the aggre- 
gate of the parts falls short of the whole. 

Hence, in numbers that are deficient, or the 
sum of whose parts is less than the numbers 
themselves, there is a great abundance of num- 
bers; the sums of the parts of two of which 
are equal to each other. But in super-perfect 
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numbers, or such the sum of whose parts exceeds 
the numbers of which they are the parts, the 
numbers are very rare that have the above-men- 
tioned property of deficient numbers. Thus, 
between 12 and 144 there are only two numbers, 
the sums of the parts of which are equal to each 
other, and these are 80 and 104. For the sum of 
the parte of each is 106. 

As perfectly amicable numbers also adumbrate 
perfect friendship, and which consequently is 
founded in virtue, so these numbers are perspi- 
cuous images <rf the friendship subsisting among 
vicious characters ; such of them whose parts are 
less than the whole, adumbrating the friendship 
between those who fall short of the medium in 
which true virtue consists; and those whose 
parts are greater than the whole, exhibiting an 
image of the friendship of such as exceed this 
medium. As likewise, of the vicious characters 
situated on each side of the medium, those that 
exceed it are more allied to virtue than those 
that fall short of it ; and being more allied to 
virtue, are more excellent ; and being more 63tcel- 
lent, are more rarely to be found : thus, ateo, 

R 
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in these numbers, the pairs whose parts are less 
than the whole numbers, are far more numerous 
than those whose parts are greater than the 
wholes of which they are the parts. 

23. The series of unevenly-even numbers is 
as follows : 12, 20, 24, 28, 36, 40, 44, 48, 52, 56, 
60, 68, 72, 76, 80, 84, 88, 92, 96, IQO, 104, 108, 
112, 116, 120, 124, 132, 136, 140, 144, 148, 152, 
156, 160, 164, 168, 172, 176, 180, 184, 188, 192, 
196, 200, 204, 208, 212, 216, 220, 224, 228, 232, 
236, 240, 244, 248, 252, 260, &c. 

In this series it is observable, in the first place, 

* 

that the difference between the terms is every 
where either 8 or 4. Thus the difference between 
12 and 20 is 8 ; but between 20 and 24, and 24 
and 28, is 4. Again, the difference between 28 
and 36 is 8 ; but between 36 and 40, 40 and 44, 
44 and 48, 48 and 52, 52 and 56, 56 and 60^ is 4. 
And again, the difference between 60 and 68 is 8; 
but between 68 and 72 is 4 ; and so on till we 
arrive at 124 and 132, the difference between 
which is 8. 

In the second place, it is observable that the 
difference between 12 and 20 is 8; between 20 
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and 36 is 16 ; between 36 and 08 is 32 ; between 
68 and 132 is 64, and so on ; which differences 
are in a duple ratio. 

In the third place, if the number which exceeds 
its preceding number by 8 is added to the 
number immediately preceding that which is so 
exceeded, the sum will be the following number 
immediately preceding that which exceeds by 8. 
Thus 36 + 24 = 60, the number immediately pre- 
ceding 68. Thus, too, 68 + 56 = 124, which 
immediately precedes 132 ; and 132 + 120 = 
252 ; aud so of the rest. From all which it is 
evident that the series of unevenly- even numbers, 
ad infinitum, may be easily obtained. 

24. The sum of the parts of each term of the 
duple series 2, 4, 8, 16, 32, 64, &c., is equal 
to the whole of the term less by unity. Thus 
the part of 2 is 1 ; the parts of 4 are 2 and 1, the 
sum of which is 3 ; the parts of 8 are 4, 2, and 1, 
the aggregate of which is 7 ; and the parts of 1 6 
are 8, 4, 2, 1, the sum of which is 15 ; and so of 
the rest. 

25. But each of the terms of the triple series 
3, 9, 27, 81, 243, &g., exceeds the double of the 
sum of its parts by unity. Thus the only part of 
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3 is 1 ; and 3 exceeds 2 by 1. The parts of 9 are 
3 and 1, and 9 exceeds the double of the aggre- 
gate of these, i. e. 8, by 1 . Thus, too, 27 exceeds 
the double of 13, the aggregate of its parts, 9, 3, 
and 1, by 1. Thus, also, 81 exceeds the double 
of 40, the sum of its parts, 27, 9, 3, and 1, by 1 ; 
and thus 243 exceeds twice 121, the aggregate 
of its parts 81, 27, 9, 3, and 1, by 1 ; and so of 
the rest. 

26. In the quintuple series 5, 25, 125, 625, 
Sec, it will be found that each term of the series 
exceeds the quadruple of the sum of its parts by 
unity. 

27. In the septuple series each term exceeds 
the sextuple of the sum of its parts by unity. 

28. In the noncuple series each term exceeds 
the octuple of the sum of its parts by unity ; 
and thus, in all series formed by the multipli- 
cation of odd numbers, each term will exceed the 
sum arising from the multiplication of its parts 
by the odd number, by unity. 

29. If to each term of the series, 

1,2, 4, 8, 16, 32, 64, 128, 256, 
6 is added, viz. 6, 6, 6, 6, 6, 6, 6, 6, 6, 

the sums will be 7, 8, 10, 14, 22> 38, 70, 134, 262. 
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Aodiftothesems 1,3, 9,27,ai,243» 729,2187.6561. 
be added 3,6, 6, 6, 6, 6, 6, 6, 6, 

the sums will be 4, 9, 15, 33, 87, 249, 735, 2193, 6567. 

In which it is remarkable, that the aggregates 
of the parts of the five sums, 8, 10, 14, 22, 38, 
are 7, 8, 10, 14. 32 ; and of the parts of the five 
sums, 9, 15, 33, 87, 249, are 4, 9, 16, 33, 87. 
The aggregates also of the parts of the sums, 134, 
262, are 70, 134 ; but this will not be the case 
with the sums beyond 262, if the terms of the 
duple series are continued, and 6 is added to 
them. Nor will it be the case with the sums 
of the triple series beyond 249. 

30. In the following series of terms, arising 
from the multiplication of unevenly-even num* 
bers, by the sums produced by the addition of 
them, perfect numbers also are contained. 

This series consists of the terms 1, 6, 28, 120, 
496, 2016, 8128, 32640, 130816, &c.; the aggre- 

gate of which series is the expression i _ g . o ; 
for this, when expanded, gives the series 1+6+ 
28 + 120 + 496, &c., in which all the perfect num- 
bers likewise are contained. 

31. If, therefore, to the series 6, 28, 496, 8128, 
130816, 2096128, 33650336, 536864628, &c. viz. 
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if to the terms of the above series, omitting every 
other term after 28, and beginning from 6, the 
numbers 2, 4, 16, 64, 256, &c. are added, as 
bdow ; 

2, 4, 16, 64, 256, 1024, 4096, 16384 
j, 28, 496, 8128 , 130816 , 2096128, 33550336 , 536854528 
1. 8, 32, 512, 8192, 131072,2097152, 33554432, 536870912, 

then the first sum will be equal to the third power 
of 2 ; the second to the fifth power of 2 ; the third 
to the ninth; the fourth to the thirteenth; the 
fifth to the seventeenth ; the sixth to the twenty- 
first ; the seventh to the twenty-fifth ; the eighth 
to the twenty-ninth ; and so on, there being 
always an interval after the first and second simis 
of four powers. 

32. But the expression ^^^^ , when evolved, 

gives the series 1+8+32 + 512 + 8192 + 131072, 

&c., ad infinitum; and the expression "T J^ » 

gives the series 1+2 + 4 + 16 + 64 + 256, &c. ad 
infinitum. But this latter, subtracted from the 

. 1—8-96 1—2—4 . 6-92+320 

former, viz. ^_^g j^^j-, gives |_20+ 64 » 

which, when evolved, is the series 6 + 28 + 496 + 
8128 + 130816, &c. 

33. The terms which, being multiplied by 
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numbers in a duple ratio, produce the series 1, 6, 
28, 496, 8128, &c., are 1, 3, 7, 31, 127, 611, 
2047, 8191, &c. ; and the series equal to the last 
term of these numbers is 1+2 + 4 + 24 + 964- 
384, &c. For 1 = 1, 1+2=3,1+2 + 4=7,1+2 
+ 4 + 24=31 ; and so of the rest. In which series 
it is remarkable that each term, after the first 
three terms, viz. after 1,2, 4, is the ^ of the fol- 
lowing term. Thus 24 is the ^ of 96; 96 is 
thei of 384; and 384 is the i of 1536; and 
so on. 

34. After the first three terms, likewise, if 
each term is multiplied by 4, and 3 is added 
to the product, the sum will be the following 
term. Thus 31x4 = 124, and 124 + 3 = 127. 
Thus, too, 127 X 4=508, and 508 + 3 = 51 1 ; and 
again, 511x4=2044, and 2044 + 3=2047; and 
So of the rest. 

35. It is also remarkable that the sum of the 
divisors, consisting of 2 and its powers, is always 
equal, with the addition of unity, to the last quo- 
tient of the division. Thus 2 + 1=3, the quotient 
in the division of 6. Thus, too, 2 + 4 + 1 = 7, the 
last quotient in tile division of 28 ; and 2 + 4 + 8 
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^164-1 = 31» tbe quotient of 496 ; and so of tiote 
rest* 

36. It is likewise possible to find an expression 
which, when evolved, will give the series 1 -f 3 -f 
7 + 31 + 127, &c. For this expression will be 

il ir ' I «« » I I ■III 

1—5+4 • 

37. As perfect numbers are resolved into their 
component parts, through a division by 2 and its 
powers, so that the sums arising from these as 
divisors, and from the quotients, together with 
unity, are respectively equal to the perfect num- 
bers themselves ; thus, also, the sum arising from 
tL similar division of any term in the series 6 + 28 
+ 496 + 8128 + 130816 + 2096128, &c., that is not 
a perfect number, will be equal to that term, 
though such division will not resolve it into all 
its parts. 

38. But that the reader may more cle&riy 
apprehend my meaning, and be fully convinced 
of the truth of this assertion, the following in- 
stances are subjoined of a distribution of ten 
terms of this series into their parts by these 
divisors; among which terms four are petfect 
numbers. 
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(5) 
2)130816 

2)65408 

2)32704 

2)16352 

2)8176 

2)4088~ 

2)2044 

2)1022 
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130305 



(7) 
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1 
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(4) 
2)8128 

2)4064 
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2)508 

465 496" 2)254 
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(6) 
2)2096128 

2)1048064 

2)524032 

2)262016 

2)131008 

2)65504 

2)32752 

2)16376 
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2)4094 
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2)33553408" 
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(9) 
2)8589869056 

2)4294934528 

^)2 147467264 
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2)33554176 
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^)^62142 8589869056 
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Here it is evident^ in the first instance^ that 
3, 2, and 1, are all the possible parts of 6. For 3 
is the half^ 2 the third, and 1 the sixth part of 6 ; 
and it is likewise manifest that 14, 7, 4, 2, and 1, 
are all the parts of 28. Thus, too, in the division 
of 496 into its parts, 465 is the sum of the parts 
that are the quotients arising from the division 
by 2, and its powers. And as the half of 496 
is 248, it is the same thing to divide 248 by 2, as 
to divide 496 by 4. For the same reason, it is 
the same thing to divide 124, the half of 248, by 
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2, as to divide 496 by 8 r and to diyide 62, the 
half of 124, by 2, as to divide 496 by. 16. Hence 
the divisors of 496 are 2, 4, 8, 16, and the sum 
of these, added to 1 and to 465, is 496. In a 
similar manner, in the fourth instance, 8001 is 
the aggregate of the parts that are the quotients 
arising from the division by 2, and its powers. 
And the divisors of 8128 are 2, 4, 8, 16, 32, 64 ; 
the sum of which, added to 1, and to 8001, is 
equal to 8128 ; and so in the other instances. 

39. Only eight perfect numbers have as yet 
been found, owing to the diflSculty of ascertaining, 
in very great terms, whether a number is a prime 
or not: and these eight are as follow: 6, 28, 
496, 8128, 33550336, 8589869056, 137438691328, 
2305843008139952128. By an evolution of the 

expression 1Z20+ 64 ^ *^ twenty terms, the reader 
will see at what distance these perfect numbers 
are from each other. But these twenty terms 
are as foUow ; those that are perfect numbers 
being designated by an asterisk : 



* « 



6, 28, 496, 8128, 130816, 2096128, 33550336, 536854528> 
8589869056, 1 37438^9 1 328, 21 99022206976, 
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35184367894528, 562949936644096, 9007199187632^128, 

1441 15187807420416, 23058430081 39952128, 

36893488143124135936, 590295810341525782528, 

9444732965670570950656, 151 1 15727451553768931328. 

Hence it appears that the eighth perfect num- 
ber is the sixteenth term of the series produced 

, ^, • r 6—92+320 

by the expansion of ^_^q q^ . 

As, however^ there are only eight perfect num- 
bers in twenty terms of this series, it is evident 
that RufFus, in his Commentary on the Arith- 
metic of Boetius, was greatly mistaken in assert- 
ing that every other term in the series is a perfect 
number. 

40. It is remarkable in this series, that the 
terms alternately end in 6 and 8. This is also 
true of the four first perfect numbers ; but the 
other four end indeed in 6 and 8, yet not alter- 
nately. 

41. The other terms also of this series, from 
their correspondence with perfect numbers, may 
be called partially perfect. For both are resolved 
by 2, and its powers, into parts, the aggregates 
of which are equal to the wholes; and both 
are terminated by 6 and 8. 
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42. Again, in the series 1 + 8 + 32 + 512 + 
8192, &c., produced by the expansion of — fZig 
the half of each of the terms, after the first, is 
a square number. Thus the half of 8, of 32, 
of 512, &c., 4, 16, 216, are square numbers. And 
if each of the terms of the series 6 + 28 + 496 + 
8128 + 130816, &c. is doubled, the sum of the 
parts of each is a square number. Thus the sum 
of the parts of 12, the double of 6, is 16; the 
sum of the parts of 56, the double of 28, is 64 ; 
the sum of the parts of 992, the double of 496, is 
1024 ; the root of which is 32 : of the parts of 
16256, the double of 8128, is 16384; the square 
root of which is 128 : and of the parts of 261632, 
the double of 130816, is 262144 ; the square root 
of which is 512 : and so of the rest ; all the roots, 
after the second, increasing in a quadruple ratio. 
As this property ajso extends to the terms that 
are not perfect numbers, as well as to those that 
are, it shows, in a still greater degree, the corre- 
spondence of what I call the partially perfect 
with the completely perfect numbers. 

43. Farther still, if 2 be subtracted from the 
number of the rank which any number, after 
28, holds in the series 6, 28, 496, 8128, 130816, 
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Sec., and the x^nainder be added to the number 
of the said rank, the sum will be the index of 
that power of 2, which, by multiplication with 
its corresponding number in the series, 3, 7, 31, 
127, 511, &Cm produced the perfect, or partially 
perfect number. Thus, if from 3 we subtract 2, 

and add 3 to the remainder 1, the sum 4 will 
indicate that the fourth power of 2, viz. 16, multi- 
plied by the third term 31, will give the third 
term, viz. 496, in the series 6, 28, 496, 8128, &c. 
Thus also, if 2 be subtracted from 4, and 4 be 
added to the remainder, the sum 6 will indicate 
that the sixth power of 2, viz. 64, multiplied 
by the fourth term 127, will produce the fourth 
term 8128, of the series 6, 28, 496, 8128, &c.; 
and so of the rest. 

44. The rule for obtaining a number which 
is either perfect, or partially perfect, in the series 
6, 28, 496, 8128, 130816, &c.; any term in this 
series being given, in the most expeditious man- 
ner, is the following. Multiply the given perfect 
or partially perfect number by 16, and add to 
the product twelve times the number in the 
duple series, from the multiplication of which 
with a corresponding number in the series 3, 7, 
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31, 127, 511, &c., the perfect, or partially perfect, 
number is produced, and the sum will be. the 
next number in order in the series 6, 28, 496^ &c. 
Thus 28x 16 z= 448; and 448, added to 12 times 
4> i. e. to 48, is equal to 496. Thus, too, 496 
X 16 = 7986, and 7936 + 12 X 16 (= 192) = 8128 ; 
and so of the rest. 

45. Lastly, all the perfect numbers are found 
in the series of hexagonal numbers ; which num- 
bers are 1, 6, 15, 28, 45,. 66, &c. ; and the ex- 
pression which is the aggregate of them, and 
when evolved, gives all of them in order ad infi-- 

•. • 1+3 

mtumy IS 



i--3+3-.r 

46. As Ozanam, in his Mathematical Recrea- 
tions, does not mention what numbers are to 
be employed, in order to find other amicable 
numbers after 9363584, and 9437056*, after 



* " Schooten gives the following practical rule from De»- 
cartesy for finding amicable numbers, viz. : Assume the number 
%i or some power of the number 2, such that if unity be 
subtracted from each of these three following quantities, 
viz. frem three times the assumed number, also from six 
times the assumed number, and frottn eighteeii tim€^ the 
square of the assumed number, the three remainders may 






•J 
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various trials to acconqplish this^ Ifou^.tlnit 
if any number, by which two amicable numbe^B 
are obtained^ is multiplied by 8, the. product will 
be a number by which either two numbers may 
be obtained, the aggregate. of all the parts of 
one of which is equal to the other ; or two num- 
bers, the aggregate of the parts of one of which 
only arising from a division by 2, and its powieroj 
will be equal to the other. Thus, if 64 is multi- 
plied by 8, the product will be 512. The three 
numbers, formed in the same way as the primes 
thfLt produce amicable numbers^ ,wfll be 153&, 
3071,and 4718591. Andtwon^mbers,4827120649, 
4831837184, will be produced; the sum of tlw^ 
parts of the latter of which, arising from a divisi(Hi 



be aU prime numbers; then the laat prime number beiqg 
multiplied by double the assumed number, the product will be 
one of the amicable numbers sought, and the sum of its aliquot 
parts will be the other." — Hutton's Matkem. Diet. 

This also is Ozanam's method of finding amicable numbers, 
which we have already given, and illustrated by examples. 
Mr. John Goiigh shows, that if a psdr of amicable numbers be 
divided by their greatest common measure, and the prime 
diviscM^ of these quotients be severally increased by unity, the 
producu of the two sets, thus augmented, will be equaL 
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by 2 and its powers, with the addition of uriity, 
will be equal to the former. 

47. Again, if 612 is multiplied by 8, the pro- 
duct will be 4096. The three numbers corre- 
sponding to primes will be 12287, 24575, and 
301989887 : and the two imperfectly ami- 
cable numbers will be 2473699180800 and 
2473901154304; the sum of the parts of the 
latter of which, arising from a division by 2 and 
its powers, with the addition of unity, will be 
equal to the former. 

48. Farther still, the product of 4096, multi- 
plied by 8, will be 32768. The three numbers, 
which are either primes or corresponding to 
primes, will be 98303, 196i507, and 19327362831 ; 
and the two imperfectly or perfectly amica- 
ble numbers wUl be 1266618067910656 and 
1266637395132416. 

49. And, in the last place, if 32768 is multi- 
plied by 8, the product will be 262144. The 
three numbers, which are either primes or corre- 
sponding to primes, will be 786431, 1572863, 
and 1236956581247; and the two imper- 
fectly or perfectly amicable numbers will be 
648517 109391294464 and 648518346340827i36. 

T 
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50. In order that the reader may become 
acquainted with the method of obtaining the 
parts of perfectly amicable numbers^ I shall give 
an instance of it in thd two numbers 9363584 and 
9437056. Let the first of these numbers then 
be divided by 2, and the powers of 2,' viz* by 
4^ 8, 16, 32; 64, Sec, till the divii^ion is stopped 
by a remainder, which is a prime number^ These 
quotients, with the indivisible remainder, will be 
as below, 4681792, 2340896, 1170448, 685224, 
292612, 146306, 73153. In. the next place, as 
the two prime numbers, 191 and 383, are mul- 
tiplied together, in order to produce the number 
• 9363584, it is evident that these also are parts of 
it, and consequently they mutt be employed as 
the divisors of it. The quotient, therefore, of 
9363584, divided by 191, is 49024 ; and the quo- 
tient of the same number, divided by 383, is 
24448. Each of these quotients ako may be 
divided by 2 and its powers. The quotients, 
therefore,^ arisiing from the division of 49024 by 
2 and its powers, are 24512, 12256, 6128, 
3064, 1532^ 766; and the femdifider is 38»: 
But tb^ quotients ^ris^injg from a simHar division 
of 24448^ »e 12224, 6112, 3056, 1528, 764, 382; 
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aiid the remainder is 191. The sum, therefore, 
Qf all these quotients, will be as below : 



4681792 

234Q896 

1170448 

585224 

292612 

146306 

73153 

49024 

24448 

24512 

12256 

6128 

3064 

1532 

766 

383 

12224 

6112 

3056 

1528 

764 

382 

191 

9436801 



And if to this sum the sum of 2 and its powers 
are added, together with unity, viz. if 1 + 2 + 4 + 
8 + 16 + 32 + 64 + 128 = 255 be added, the aggre- 
gate will be 9437056, the second of the amicable 
numbers. 

In like manner, if 9437056 be divided by 2 and 
its powers, the quotients, and their aggregate, 
will be as follows : 
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4718528 

d359264 

1179632 

589816 

294908 

147454 

73727 

9363329 



And if to this som 255 be added, as in the former 
instance, the aggregate will be 9363584, the first 
of the amicable numbers. 

61. The first thing remarkable in these per* 
fectly amicable numbers is, that the number 2 
and its powers are employed in the production 
of all of them, and that they cannot be produced 
by any other number and the powers of it. For, 
as these amicable numbers are images of true 
friendship, this most clearly shows that such 
friendship can only exist between two persons. 

62. In the next place, the numbers 3, 6, and 
18, which are used in the formation of these 
numbers, perspicuously indicate perfection^ and 
are therefore images of the perfection of true, 
friendship. For 3 and 6 are the first perfect 
numbers; the former, from being the paradigm 
of the aU, comprehending in itself beginning, 
middle, and end, and the latter from being equal 
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fo all its parts ; and 18 is produced by the mBik&- 
plicatiou of 6 by 3. 

63. In the third place, the paucity of these 
numbers most beautifully adumbrates the rarity 
of true friendship. For between 1 and 1000 
there are only t^o. In like manner, betwe^d 
284 and 20000 there are only two ; and between 
18416 and ten millions there are only two. 

54. In the fourth place> the gi^eater the num* 
bers are in the series of perfectly and imperfectly 
amicable numbers, the nearer they approach, ta 
a perfect equality. Thus, for instance, the ex- 
ponent of the ratio of 220 to 284 is 1 ^^, and by 
reduction 1 j-f . But the exponent of the ratio 
of 17296 to 18416 is 1 ^^^^; and by reduction, 
It^tt- And y^ is much less than ff-. Again, 
the exponent of the ratio of 9363584 to 9437056 
is 1 tHtHt; smd by reduction, 1 tH4t* And 

illl^ is , much less than tfSt* ^ ^ similar 

« 

manner it will be found that the exponents of 
the ratios of the succeeding amicable numbers 
will continually decrease; and, consequently^ 
that the greater two amicable numbers become, 
tjie nearer they approach to an equality with 
each other. Indeed, in the amicable numbers 
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after *the fi^t liiree, this is obvious by metely 
inspecting the numbers themselres. For, in the 
amicable numbei^ 4827120640 and 4831837184, 
the first two numbers, firom the left hand to 
die tight^ are the same in each, viz. 4 and 8. 
In the two amicable numbers, 2473599180800 
and 2473901154304, the first four numbers, 2473, 
are the same iii each. In the two amicable num- 
bers> 1266618007910656 and 1266637395182416, 
the first five numbers are the same in each. This 
is * also the case with the two amicable num- 
bers which immediately succeed these, viz. 
648517109391294464 and 6485183463408217136. 

r 

And in the two amicable numbers which 
are next but one to these last, viz. in the 
numbers .170005^1^8316757680456680 and 
170005193383307194138624, the first seven num- 
bers, from the left hand to the right, are the 
same in each; by all which it appears, that the 
*greater two amicable numbers are, the more 
figures in the one are the same as those in the 
other, and consequently that their. approximation 
to a perfect equality is greater. 

55. The following are the remarkable pro- 
perties of the prime numbers, and the numbers 



APPENDIX. 



eo^tepondiiig to primes; fipom which bo. 
of amicable numbers are produced. 

These numbers are as follow : 



5 . 


11 


. 71 


23 . 


47 


. 1151 


191 . 


383 


. 73727 


1535 . 


3071 


. 4718591 


12287 . 


24575 


. 301989887 



98303 . 196607 . 19327352831 . 



In the first place, 2x5 and +1 = 11, 2X23 
and + 1 = 47, 2 X 191 and + 1 = 383, 2 X 1636 
and +1=3071, 2x12287 and +1=24676,. 
and 2X98303 and +1 = 196607. And thus 
the doubly of the first number in each rank, 
added to unity, is equal to the second number 
in the same rank. 

In the next place, the first number of the first 
rank, multiplied by 4 and added fo 3, will be 
equal to the first- number of the second rank^ 
Thus also the secoipd number 11x4, and added 
to 3 — 47, the second number of the second 
rank. But 23X8 and +7 = 191, 47x8 and 
+ 7 = 383, 191X8 and +7 = 1635, 383X8 and 
+ 7 = 3071, 1536X8 and +7= 12287,3071x8 
aiid + 7 = 24575, 1-2287 X 8 and + 7 = 98303, 
and 24676XB and +7 = 196607. 
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Agaio, 47X4 and +3 3 191, 383X4ffid +3 
= 1535, 3071X4 and +3 = 12387, and 24575 I 

X4and +3 = 98303. 

.. 1151 ,- ... . J ,f. 73727 

Again, — =t- = 16, with a remainder 15. - n^i 

= 64, with a remainder 63. - yg^^y = 64, and 

the remainder is 63. And ^Sf^ = 64, with 

the same remainder 63. And so of the rest 
ad inftn., the quotient and remainder being always 
64 and 63. ^ 

56. Hence infinite series of all these may 
easily be obtained, viz. of the two first terms in 
each rank, the first rank excepted ; and of the 
third term in each rank, the two first ranks 

excepted. For — \^^ "^ * &c* ^ ^w/?«. = 23 + 

191 + 1636 + 12287, &c., ^'^ '^l^l'*''^ > &c. ad 
infinitum, = 47 + 383 + 3071 +24676, &c. And 

^^^^^^y-^^^ &c. = 73727 + 4718691, &c. 

But these expressions, when reduced, will be 

28—16 47-40 73727-73664 

1-9+8' 1-9+8' ^^ 1-65+64 • 

67. Another remarkable property of these num- 
bers is this, that the product of the two first 
in ea^h rank, subtracted from the third number 
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p 



115^'^ 



IB the^iame^rauk, Jbnes a remainder eqiml Xq 
the aggregate of .those two first. Tbu^ 5X11* 
= 66, and 71 - «5 = 16. But J6 = 6 + U. 
Thus, too, .23x47 = 1081, and 1151-1081 
z=70, =23 + 47. And thus 191X383=73153, 
and 73727-73153 = 574=191+383. And so 
cif the rest Hence the third, less by the siwv 
of the two other numbers, will be equal to the 
product of the two first. From the ezpre^sicms,. 
therefore, before given, and from what is now 
fbown, it will be ,easy. to find an expression 
which, when evolved, will give an infinite series 
of the products of the two first numbers in each, 
rank* And this expression (the first term of 
it being the product of the two first numbers 
in the third rank, in order that it may be in the 

1 -xi. i.u • 73727-73664. ' .„ 

same rank with the expression 1^55 .54 ) > will 



be 



73153-699337 + 1 179656-503472 
1-^74 +657 -1096 +512 



58. All these amicable numbers, therefore, in 
order after 17296, 18416, may be found, if the 
first term of the infinite series, arising from the 
expansion of each of these expressions, is multi- 
plied by 128; the second term of each by 1024 r 

u 



146 APPENDIX, 

the third term by 8192 ; and so on, the multipliers 
always increasing in an octuple ratio. 

• 59. Thjat the reader may see the truth of what 
we have asserted concerning this species of im- 
perfectly amicable numbers exemplified, the fol- 
lowing instances are added of the resolution of 
two of them into parts by 2 and its powers. 

In the first place, the sum of the parts of the 
number 4831837184 is equal to 4827120640, a& 
is evident from the following division: 

2)4831837184 Divisors by 2, and its pOWer^^ 

2)2415918592 .Uh the addition of unity, 

2 
4 



2)1207959296 
^ 2)603979648 



2)301989824 g 

2)150994912 16 



2)75497456 32 

2)37748728 ^^ 



128 



2)18874364 ^^e 

2)9437182 ^^^ 

4718591 1024 



4827118593 2047 TottiL 



-1-2047 



4827120640 



60. Of every square number, consisting of more 
than one digit or figure, the ultimate sum of the 
digits w?ll always bq either 1, or 4, or 7, or 9, 
or 10. Thi;s in 16, the square of 4, th© sum 
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of the digits is 1 + 6 = 7 ; ia 26, the square of 
6, the sum of the digits is 7 ; in 36 the sum 
is 9; in 49 the sum is 13, and ultimately 
1 +3 zz 4; in 64 the sum is 10; in 81 it is 9 ; 
and in 100 it is 1. Again, in 121, the square 
of 11, the sum of the digits is 4; in 144 it is 9; 
in 169 it is 16, and ultimately 7 ; in 196 it is also 
16, and ultimately 7; in 225 it is 9; in 256 it 
is 13, and ultimately 4 ; in 289 it is 19, and ulti- 
mately 10; in 324 it is 9; in 361 it is 10 ; and 
in 400 it is 4. And so in all other instances ad 

But of every cube number, consisting of more 
than one digit, the ultimate sum of the digits will 
ab^ays be either 1, or 8, or 9, or 10. Thus, in 
the cubes of the numbers 3, 4, 6, 6, 7, 8, 9, 10, 
viz. 27, 64, 126, 216, 343, 612, 729, 1000, the 
sum of the digits of 27 is 9; of 64 it is 10; 
of 126 it is 8 ; of 216 the sum is 9 ; of 343 it is 
10; of 612 it is 8; of 729 it is 18, and ulti- 
mately 9 ; and of 1000 it is 1. Thus, too, in the 
cubes of the numbers 11, 13, 14, 16, 16, 17, 18, 
19, 20, viz. 1331, 1728, 2197, 2744, 3376, 4096, 
4913, 6832, 6869, 8000, the sum of the digits 
of 1331 is 8; of 1728 is 18, and ultimately 9; 
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of 2197 is 19, and ultimately 10; of 2744 is 17;^ 
and ultimately 8 ; of 3375 is ultimately 9 ; of 
4096 is also ultimately 9 ; of 4913 is ultimately 
8 ; of 6832 is ultimately 9 ; of 6859 is ultimately 
10; and of 8000 is 8. And the like will take 
place in all other cube numbers. 

61. AnatoliuSy as we are informed by the authoi? 
of Theologumena Arithmeticae *, says^ "that the 
tetrad is called justice, because the square pro- 
duced from ity i. e. the to ifAiaiov, or space con* 
tained within the sides of a square, each of 
whose sides is 4, is equal to the perimeter. For 
4x4=: 4 + 4 + 4:1-4. But, of tha numbers prior ^ 
t(^ 4. the perimeter is greater than the .^e«^.H 
and of tiie numbers posterior to 4, the perimeter 
is less than the f/ASotfoi^ ^." Thus the square of 
2 is 4, but the perimeter is 8; and t\m squarje 
of 3 is 9, but the perimeter is 12. And again^ 



• — r 



* See the edition of this work by Frid.. Astius, Lipsise, 
1817, 8vo. 

rtrf»^ti¥o» re av avrn^, rovrion ro iytSa^ot rt) flri^t/xfr^tf (•'oy* ru9 
^ir ym^ tt^ uvmi n fTK^fAir^o; (}^^ vs^t/bbir^o^) rov t(/iS»hv rov 
nv^aymov fcn^w^ rut h ^ir* uv^t n ^ijxi r^o( rot; t^aiov lihmrrup^ 
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the square of 5 is 25, but the perimeter is 20 
the square of 6 is 36, but the perimeter is 24 
the square of 7 is 49, but the perimeter is 28 
the square of 8 is 64, but the perimeter is 32 
the square of 9 is 81, but the perimeter is 3G 
and the square of 10 is 100, but the perimeter 
is 40. Hence it appears, that of the numbers 
prior to 4, the perimeters exceed the squares; 
but of the numbers posterior to 4, the perimeters 
are less than the squares by the following dif- 
ferences. The square of 6, u e. 25, exceeds the 
perimeter 20 by 5, the root of the square ; 36, 
exceeds 24 by 12, the double of the root 6 ; 49 
exceeds 28 by 21, the triple of the root 7 ; 64 
exceeds 32 by 32, the quadruple of the root 
8; 81 exceeds 36 by 45, the quintuple of the ' 
root 9 ; and 100 exceeds 40 by 60, the sextuple 
of the root 10 : and so of the rest. The peri- 
meters also exceed each other by 4. 

In cubes, the cube of 6, i. e. 216, is analogous 
to the square of 4. For, as the latter is equal 
to its perimeter, so likewise is the former; for 
each of its sides is a squa]:e equal to 36 ; and 
as there are six sides, the whole perimeter is 
216. 
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Again, ^i-iLis, when expanded, 1+4 + 10 

+ 16 + 22 + 28, &c., and is a series containing 
in itself all the perfect numbers after 6. But the 
numerator of this expression is 6, in a distributed 
form. 

The expression -Y~-2~-j is, when expanded, the 
series 1+8 + 12 + 16 + 20, &c., and is equal to 
the aggregate of the perimeters of all the squares. 

But the aggregate of all the squares is ^^^ ^^^ *, 

thb last term of which is ._^. ^ f . Hence the 

aggregate of the perimeters of all the squares 
is double of the last square in the infinite series 
of squares. 

Thus, too, the expression To'ZsJ^i ^^* when 
expanded, the series 1+24 + 54 + 96 + 150, &c., 
and is equal to the aggregate, in a distributed 
form, of all the perimeters, or bounding super- 
ficies, of the infinite series of cubes, 1+8 + 27 



ft • 

• For this expression, when expanded, is 1+4+9 + 16+25 
H-36, &c. 

t For this, when expanded, is the series 1+3+5+7+9 
+ ll» &€.; the aggregate of which is evidently equal to the 
last term of the series 1+4+9 + 16+25, &c. 



APPENDIX. 



151 



+ 64 + 125, &c. = i_4^gl4^i . But the last 

term of this series, or the last cube, is - ^^o . o^; *. 
And therefore the distributed aggregate of all 
the perimeters, i. e. /LoTg^ > is the double of 

the last cube, i. e. of x_3 . 3__i » For the nume- 
rator 1+21 — 15 + 5 is equal to 12, and the 
numerator 1+4 + 1 is equal to 6, 



* For this expression, when expanded, is the series 1+7 + 
19+37+61, &c. And 1 is the first cube, 1+7 = 8 is the 
second cube, 1+7 + 19 =: 27 is the third cube, 1+7 + 19 + 
37 = 64 is the fourth cube, and 1 +7 + 19+37+61 = 125 is 
the fifth cube; and so of the rest. And, therefore, the aggregate 
of this series is equal to the last cube. 



THE END. 
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